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Abstract: A Smarandache-Fibonacci triple is a sequence S(n), n > O such that 
S(n) = S(n — 1) + S(n — 2), where S(n) is the Smarandache function for integers 





n > 0. Clearly, it is a generalization of Fibonacci sequence and Lucas sequence. Let 
G be a (p,q)-graph and {S(n)|n > 0} a Smarandache-Fibonacci triple. An bijection 
f: V(G) — {S(0), S(1), (2), ...,.S(q)} is said to be a super Smarandache-Fibonacci grace- 
ful graph if the induced edge labeling f*(wv) = |f(u) — f(v)| is a bijection onto the set 
{S(1), S(2),...,S(q)}. Particularly, if S(m),n > 0 is just the Lucas sequence, such a label- 
ing f : V(G) = {lo,l1,12,--- ,la} (a € N) is said to be Lucas graceful labeling if the induced 
edge labeling fi(uv) = |f(u) — f(v)| is a bijection on to the set {I1,l2,--- ,Jg}. Then G is 
called Lucas graceful graph if it admits Lucas graceful labeling. Also an injective function 
f : V(G) = {lo, li, l2,-+- ,lg} is said to be strong Lucas graceful labeling if the induced edge 
labeling fi(uv) = |f(u) — f(v)| is a bijection onto the set {l1,l2,...,lg}. G is called strong 
Lucas graceful graph if it admits strong Lucas graceful labeling. In this paper, we show 
that some graphs namely P,, Pt —e, Sm, Fm@Pn, Cm@Pn, Kin © 2Pm, C3@2Pn and 
C,@Kk1,2 admit Lucas graceful labeling and some graphs namely Ky,, and F;, admit strong 


Lucas graceful labeling. 


Key Words: Smarandache-Fibonacci triple, super Smarandache-Fibonacci graceful graph, 


Lucas graceful labeling, strong Lucas graceful labeling. 


AMS(2010): 05078 


§1. Introduction 


By a graph, we mean a finite undirected graph without loops or multiple edges. A path of 
length n is denoted by P,,. A cycle of length n is denoted by C,.G™ is a graph obtained from 
the graph G by attaching a pendant vertex to each vertex of G. The concept of graceful labeling 
was introduced by Rosa [3] in 1967. 

A function f is a graceful labeling of a graph G with q edges if f is an injection from 


1Received November 11, 2010. Accepted February 10, 2011. 
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the vertices of G to the set {1,2,3,---,q} such that when each edge wv is assigned the la- 
bel |f(u) — f(v)|, the resulting edge labels are distinct. The notion of Fibonacci graceful 
labeling was introduced by K.M.Kathiresan and S.Amutha [4]. We call a function, a Fi- 
bonacci graceful labeling of a graph G with q edges if f is an injection from the vertices of 
G to the set {0,1,2,...,F,}, where F, is the g‘” Fibonacci number of the Fibonacci series 
F, =1,F) = 2, F3 = 3, Fy =5,..., and each edge uv is assigned the label | f(w) — f(v)|. Based 
on the above concepts we define the following. 

Let G be a (p,q) -graph. An injective function f : V(G) — {lo,li,la,--+ lat, (ae N), 
is said to be Lucas graceful labeling if an induced edge labeling fi(uv) = |f(u) — f(v)| is a 











bijection onto the set {l1,l2,--- ,J,} with the assumption of lp = 0,4, = 1, lo = 3,13 = 4, 





7,15 =11,--- ,. Then G is called Lucas graceful graph if it admits Lucas graceful labeling. Also 
an injective function f : V(G) > {lo, hi, le,--- ,l,} is said to be strong Lucas graceful labeling if 
the induced edge labeling f;(uv) = |f(u) — f(v)| is a bijection onto the set {l1,lo,--- ,Jg}. Then 
G is called strong Lucas graceful graph if it admits strong Lucas graceful labeling. In this paper, 
we show that some graphs namely P,, P*—e, Smn, Fm@Pn, Cm@Pn, Kin©2Pm, C3@2P, 
and C,,@K1,2 admit Lucas graceful labeling and some graphs namely K,,, and F,, admit strong 
Lucas graceful labeling. Generally, let S(n), n > 0 with S(n) = S(n—1) + S(n— 2) bea 
Smarandache-Fibonacci triple, where S(n) is the Smarandache function for integers n > 0. An 
bijection f: V(G) — {S(0), S(1), S(2),..., S(q)} is said to be a super Smarandache-Fibonacci 
graceful graph if the induced edge labeling f*(uv) = |f(u) — f(v)| is a bijection onto the set 
{S(1), $(2),-++ ,S(q)}- 


§2. Lucas graceful graphs 


In this section, we show that some well known graphs are Lucas graceful graphs. 


Definition 2.1 Let G be a (p,q) -graph. An injective function f :V(G) — {lo, hi, le,--++ la, }, 
(a € N) is said to be Lucas graceful labeling if an induced edge labeling fi (uv) = |f(u) — f(v)| is 





a bijection onto the set {l,lz,--- ,lg} with the assumption of lo = 0, = 1, =3,l3 = 4, 





7,l5 =11,---,. Then G is called Lucas graceful graph if it admits Lucas graceful labeling. 
Theorem 2.2 The path P, is a Lucas graceful graph. 


Proof Let P, be a path of length n having (n+ 1) vertices namely v1, v2, U3,°+* ; Un; Un+1- 
Now, |V(P,)| = n+ 1 and |E(P,)| =n. Define f : V(Pr) — {lo, hi, le,-++ sla, },a € N by 
f(ui) = li4i1, 1 <i<n. Next, we claim that the edge labels are distinct. Let 


if = Eigen Aelia ier 
= {|f(v1) — f(va)|,|F(v2) — Flvs)| +++ |F(en) — Fn4a)|s 
= {|l2 = I3| ’ |/3 == la| ees i htede i In+2|} = {hi, le, ys sly}. 


So, the edges of P,, receive the distinct labels. Therefore, f is a Lucas graceful labeling. 














Hence, the path P, is a Lucas graceful graph. 
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Example 2.3. The graph Pg admits Lucas graceful Labeling, such as those shown in Fig.1 
following. 





Fig.1 
Theorem 2.4 P* —e,(n > 3) is a Lucas graceful graph. 


Proof Let G = Pt —e with V(G) = {u1, u2,--+ ,Unti} Ufve, v3,-++ ,Un4i} be the vertex 
set of G. So, |V(G)| = 2n+ 1 and |E(G)| = 2n. Define f : V(G) > {lo, li, le, ++ la, fsa e N, 
by 
flui) =ly-1,1<t<n4+1 and f(v;) =bg_-1),2<jsnt+1. 


We claim that the edge labels are distinct. Let 


Fy = {filuiuigi) 1 Sts n} = {[f(ui) — f(uiga)| 1 St <n} 
= {lf(ur) — f(u2)], [f(u2) — F(us) +++ Plum) — fungi) 
= {tr — ls], \l3 — Us|,-++ , laon—1 — lon4i|} = {la, la, +> lon}, 

Ez = {fi(uivj):2<%, <n} 
= {|f(u2) — (v2), |f(us) — flvs)|,-++  F(un4a) — f(en4i)t 
= {ls — lal, |ls — lal,-++ , lonta — lanl} = {l1,l3,-°+ , lan—r}- 


Now, E = Ey U Ey = {li,ls,--+ ,lan—1, lon}. So, the edges of G receive the distinct labels. 
Therefore, f is a Lucas graceful labeling. Hence, P* — e,(n > 3) is a Lucas graceful graph. 














Example 2.5 The graph PS —e admits Lucas graceful labeling, such as thsoe shown in Fig.2. 





Fig.2 


Definition 2.6([2]) Denote by Sinn such a star with n spokes in which each spoke is a path of 
length m. 


Theorem 2.7 The graph Si» is @ Lucas graceful graph when m is odd and n = 1,2(mod 3). 
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Proof Let G = Sm n and let V(G) = {ui :1<i<mand1< j <n} be the vertex set of 
Simn- Then |V(G)| = mn-+1 and |E(G)| = mn. Define f : V(G) > {lo, li, le,-++ sla, }pae N 
by 

f (uo) = Io for i = 1,2,--- ,m—2 andi =1(mod 2); 
ah (u‘) = Ing—1)42j-1,1 <j <n for i = 1,2,--- ,m—1 and i = 0(mod 2); 


f (u}) = lnix2—2j, 1 Sj Sm and for $= 1,2,--- , 5, 
f (uP) = In(m—1)42(5+1)-39, 38 — 2 < j < 3s. 
We claim that the edge labels are distinct. Let 
A= Ui fth(wou)}= U {lf (mo) - Ff (ui)|} 
i=1(mod 2) i=1(mod 2) 
= U {b-tbenulh= UO {trans} 
i=1(mod 2) i=1(mod 2) 
= {l1, long, lan+iy* om cata tyen ’ 
m-1 ; m-1 : 
Bm = VU {hlwrui)}= U {lf (m)-F (ui))} 
i=1(mod 2) i=1(mod 2) 
m—-1 m-1 
= U {lo — Ini|} = U {Ini} = 1 bon lan gee nlatiant 
i=iGmed 2) it mod 2) 
m—-2 _ 
By = VU {fA(ujuju):isisn-} 


i=1(mod 2) 
m—2 
U {|f (uj) —f(uju)|:1<j<n-1} 


i=1 
i=1(mod 2) 


m—2 
= U { [dnté—1) 425-1 — Inge—ygaju|:1 <7 <n—1} 
i=1(mod 2) 
m—2 


U {Ing—1) 427 21 Sj <n—1} 


i=1 
i=1(mod 2) 


m—2 
= U {Ingi—1) 425 emer mrtg ln(i—1)+2(n—1) } 
i=1(mod 2) 


{boy lonpanse,laGasypat Ula, eavay** stngaaypat Use 


U {lon—2, lan—2, teey ln(m—3)-+2n—2} ’ 
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m—2 
U {fi (ui ub): 1<j<n- 1} 


i=1 
i=1(mod 2) 


E4 


m—2 
~ U {|f (u5) —f (ujgia)|:1<i<n-1} 
i=1(mod 2) 
m—2 


= U {|Ini—25+42 — lni-aj]: 1 <j <n-—1} 
i=1(mod 2) 
m—-2 


= U {Ini-2j741 21 <j <n-1} 
i=1(mod 2) 
m—-2 


- U tlaieistaen hase ay 


i=1 
i=1(mod 2) 


= tows lado? a lalag i lapis es Gaia 2) Ala A) 
For n = 1(mod 3), let 
3 
Bs = {A (up uf) :3s-2<j7<3s-1} 
2 


= U {lr um) — f (wt,)| 138-2 < 7 < 38-1} 


= U { |ln(m—1)-+25—38-+2 = ln(m—1)+25—-35+4| :3s-2<j<3s-1} 





net 
= U {In(m—1)+2j—3s+2 138 -—2<j<3s—1}= U {In(m—1)43s—1) ln(m—1)+3s41} 
s=1 


s= 





= ao 1)4 25 ln(m 1)4 45 n(m 1)4 5) ln(m 1)4+7° °° sla mucaelmn : 





We find the edge labeling between the end vertex of s*” loop and the starting vertex of 


-—1 
(s +1)” loop and s = 1,2,-:- a Let 


Be = {la (os NI} = U Cle 8) ~ (0854) 
= {If up) — FUP) IF (ue) — FUP YL LF ws) — fF eto) LF (ura) — FED) t 


Lama — i onanre| } 





an) 





n(m—1)+8 — bn(m—1) 





1 eG ae = lage 


om 1 bite 4) 4.93 ln(m—1)+65 ee ime piait = {In(m—1)+3> Ln(m—1)46> i placa} : 


6 M.A.Perumal, S.Navaneethakrishnan and A.Nagarajan 


For n = 2(mod 3), let 


Ey = LU {fi (up uf.) :88-2< 5 < 38-1} 
= U {lf (ut) - F (wia)| 88-2< 5 < 38-1} 


= U { |ln(m—1)-+25—38-+2 _ ln(m—1)42—35+4| :3s-—2<j<3s—1} 








n-1 n-1 
5 ned 
= U ety 1)4+2j—3s8+3 + :38-—2<j<3s-1}= = U een 1)+3s il n(m—1)+3s4 1} 
s= s=l1 
— {Ta} 423 Ln(m—1)+45 Late os LiGaa1h49 aes) Late pie es lathi Went : 


We determine the edge labeling between the end vertex of s‘” loop and the starting vertex 


-1 
of (s + 1)** loop and s = 1,2, 3,..., eS 





Let Ey = U {fi (uss wsa)} = U C1 us) — F Baa) 
= {lf ur) — Ff (uP), FUR) — Fw, LE ue) — Fw) LF (um) — Fm} 


In(m—1)-4n+1 — LG ie } 








aac) 








; In(m—1)+8 ve Ini _ 





= {|ln(m—1)45 — bn(m— 





= {lim =1)-43 ln(m—1)+65 aa act . 


Now,F = Us if n = 1(mod 3) and E = (Uz UESUE, if n = 2(mod 3). So the 


edges of Sinn ae m is odd and n = 1, 2(mod 3)), receive the distinct labels. Therefore, f is 
a Lucas graceful labeling. Hence, S,, is a Lucas graceful graph if m is odd, n = 1, 2(mod 3). 














Example 2.8 The graphs S54 and S55 admit Lucas graceful labeling, such as those shown in 
Fig.3 and Fig 4. 





Fig.3 
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Fig.4 


Definition 2.9((2]) The graph G = Fy,@P, consists of a fan Fy, and a path P, of length n 


which is attached with the maximum degree of the verter of Fm. 
Theorem 2.10 F,,@P,, is a Lucas graceful labeling when n = 1,2 (mod 3). 


Proof Let v1, v2,..-;Um;Um+1 and uo be the vertices of a fan Fi, and uj, u2,--- ,Un be the 
vertices of a path P,. Let G = F,,@P,. Then |V(G)| =m+n-+4 2 and |E(G)| = 2m4+n+1. 
Define f : V(G) — {lo, li, la,--: , la, },a € N, by f(uo) = lo, f(vi) = li-1,1 < i < m+1. 
Borg eae se e2 


or 
lom42j—3s4+3,38 —2 <7 <3s. 











according as n = 1(mod 3) or n = 2(mod 3), f(u;) = 


We claim that the edge labels are distinct. Let 


Fy = {filvi vipa): 1 Sis m} = {|f(vi) — f (vigi)|: 1 <i < m} 
{|lai—1 — lagi]: 1<i<m} 


{lai : 1<i<m}= {lo,l,--- loam}, 


Ey = {fi(uow):1<i<m-+1}= {|f(uo) — f(vi)/1<i<m-+ 1} 
= {|lo — lax-i] : 1 <i<m+t1} 
= dyer 1 <i < m+ 1} = {h, by + sbme} 


and 


E3 = {fi (uous)} = {|f(uo) — f(ur)|} = {lo — lom+al} = {lam+a} 
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-—1 
For s = eae eee and n = 1(mod 3), let 


n—-1 


3 
Ey => LU {fi (uj, uj41) 138-2 < 7 < 38-1} 


s= 


n-1 


3 


= LU) {1 f (uj) — fuji) 188-2 <7 < 38-1} 





= U (lom42j4+4~-3s 138—2<j <3s—1) 


= {lom+aj-2 245 9 <5} J {lomyaj-5 7S 5 < 83+: 
() {lam+2j—n44 :n-3<j<n-2} 
= {lom+e, lom+s} U {lom+9, lom+11} U vee U {lomtn—2; lom+n} 


= {lam +63 lom 85 lom +935 lom t11,°*° slom+n—2; lom+n} 











We find the edge labeling between the end vertex of s*” loop and the starting vertex of 





s +1) loop and s = 1,2,3,--- = n = 1(mod 3). Let 
( ) p FR ? 3 bs 
n—1 n-1 
al a 
Es = (J {fi (uy waa): 9 = 38} = LU {1 f(uy) - fsa) si = 35} 
s=l1 s=1 


n-1 


l| 


wore 
U {|lam+25+3-38 — lom+2j4+5—3s| : J = 3s} 


s=1 
= {|lom+4o; — lom4o7-1] 2 § = 3} U {llom4oj—3 — lom4oj—4] 2 9 = 6 os 
(J {ldam+2j — lom42j—1l sj =n —1} 
= {lmojie tJ = 3} U flomgoj—6 27 = 6} Uy: U0 flomgojngs 37 =n — 1} 


= {lom+4, lom+7; was lom+ntit : 


—2 
For s = tee eer and n = 2(mod 3), let 





n-2 


3 
a U {fi(uy Uj41) + 388-257 < 38-1} 


s= 
n-2 


{|f (uj) — f(uj+i)] + 38-2 < 7 < 38— 1} 


ll 
iC4 


= U {|lom+23+3~3s — lom+2j+5~3s| 138-—2< 7 <3s—1} 
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n-2 


3 


= U (lom+2j4+4~-3s 138 —-2<j < 38-1) 
s=1 


= {lom+2j-2 459 < 5} {lam4aj-5 75 9<8}U-- 
| {lom+p2j—n-4 :n—-3<j<n—-2} 
= {lom+e, lom+s} U {lom+o, lom+ii} U wate ty) {lomtn—2; lom+n} 


= {lom+e, lom+8,2m+9 oy lom+11, sty lom+n—2; lom+n} 








We determine the edge labeling between the end vertex of s‘” loop and the starting vertex 


= 
of (s +1) loop and s = 1,2,3,..., ——~, n = 2(mod 3). Let 





3 
med. 
/ ° i 
Es = |) {fi (uj, uses): 7 = 38} 
s=1 
na nae 
3 3 
= (LU {lF(us) — f+): 9 = 38} = LY {Ilom42j+3—as — lom4oj45—ael : i = 38} 
s=1 s=l1 


=  {|lom+2; — lam42j-1|: 7 = 3} U {|lom+23~-3 — lam+aj—4| : 7 = 6} U ays 
U { lomiajnea = bom points) ig = — 1} 
= flomeajeo i 9 = 3} U {lompog-3t 7 = 6} U ty U {lom42j—(n—3) :f =n—1} 


=F {lom+a, lom+73 seey lom+n+1} . 





5 5 / , 
Now, E = U E; if n = 1(mod 3) and E = (U E,) VE,UE; if n = 2(mod 3). So, the 

i=1 i=1 
edges of Fy,@P, (whenn = 1,2(mod 3)) are the distinct labels. Therefore, f is a Lucas graceful 


labeling. Hence, G = Fi, @P,, (if n = 1, 2(mod 3)) is a Lucas graceful labeling. 














Example 2.11 The graph F5;@P, admits a Lucas graceful labeling shown in Fig.5. 





Definition 2.12 ([2]) The Graph G = Cy,@P,, consists of a cycle Cm and a path of Py of 


length n which is attached with any one vertex of Cy. 
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Theorem 2.13 The graph Cy,@P,, is a Lucas graceful graph when m = O0(mod 3) and n = 
1, 2(mod 3). 


Proof Let G = Cy,@P,, and let uz, u2,---+ , Um be the vertices of a cycle Cy, and v1, V2,°++ , Un, Un+1 
be the vertices of a path P,, which is attached with the vertex (uw; = v1) of Cm. Let V(G) = 
{ui = ur} U {ua, u3,+++ » Um} U {v2, U3, -.-, Un, Unti} be the vertex set of G. So, |V(G)| = m+n 
and |E(G)| = m+n. Define f : V(G) > {lo,hi,--+ lat, ae N by f(ur) = f(v1) = lo; f(ui) = 
lo;35,388 1 <j < 3841 for s = 1,2,3,---,—, i = 2,3,---,m; f(vj) = Im4aj—3r,38r —1< 


3 
1 
Spe PO ie ad HES veo eA, 


We claim that the edge labels are distinct. Let 





Ey = {fi (ur u2)} = {lf (ur) — f (u2)|} = (lo -— |) = {hf, 


{fi (us wi41) 238 —-—1< 1 < 38 and Un4i = ur} 


AS 
I 
Cs 


w 
Il 
nn 


(ui) — f(uig1) +38 —1 <i < 38 and um41 = ur} 


ll 
CH 
= 
=> 








s=1 
= {|f(u2) — f(us)|,|f(us) — f(ua)|, + |f(um) — f(um+i) |} 
= {lh —Is|, [ls — ls], ta — Ue], [le — es] ,+ ++ 5 [lm — lol} 


= {lo, la, Is, 17,--+ yl} 


We determine the edge labeling between the end vertex of s‘” loop and the starting vertex 


of (s + 1)*” loop and s = 1,2,..., —1. Let 


go1 $1 


Fs = U {fAlussyi usszo)} = U {I f(usser) — f(uss+2)|} 


= {|f(ua) — f(us)],1f(ur) — flus)|,-++ | f(um—2) — f(um-—1)|} 
= {\ls — la], |lg — dz] ,-°- y|lm—1 — bal} 
= {is,l6,--- slm—3}, 


Ex = {filvr v2)} = {|f(v1) — f(v2) |} = {lo — lm+a—al t {Ilo — Im+4—sl} 
{|lo — bin-+al} = {lo — Um4al} = {lm+i} - 


For n = 1(mod 3), let 


n-1 


3 
Es = (J {filoj ogy): 8r -1< 5 < 3r} 


r=1 


= [J {lf les) -— fojas)| : 8r —1 <j < 3r} 
r=1 
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= {lf(v2) — f(vs)| 1 F(ws) — 


{|lnpa—3'— bn g-6—3 5 |bm46—3 — bn4+a—als lln4i0—6 — lm412-6| 5 |bn432—6 — bn +14—el , 


Flva)l s+ 1F@n-1) — Fendt 





voy \lm+2n—2—n+1 = ln 





{|Im41 _ lm-+3| , [Im-+3 _ 


{lm+2; Im+4s Im+5, lm+7> ne 


L2n—n+1|} 
lm-+5| ’ [Im+4 — Im+6| ’ [Im+6 a Im+s| aaee [lmtn—1 _ lmtn+il} 


at 


We calculate the edge labeling between the end vertex of r‘” loop and the starting vertex 


of (r + 1)* loop and r = 1,2,--- 


n-1 


Ekg = LU {filvsrsa U3r+2) 


n—-1 
,——. Let 
3 e 


n-1 


}= VU UF wars1) — f(v3r42)1} 


= {lf(va) — Fs) 1F(o7) — Fes)i +++ 1 F(@n-2) — Fn—a) It 








= {|lm+s—3 — lm410—6] » |lm414—6 — Imtie—9]5°°* 5 llm+2n—4—n+2 — bm+2n—2-n+1|} 
= {|Im+5 —lm+a]s|lm+s — lm47|.°°° »|lm+n—2 — Imtnl} 
= {lmi3,lm46,lmto,°+> tmtn—1} 
For n = 2(mod 3), let 
nt nal 
Es = Wrcwme 13 s3=U tse) f(vj41)| 1 87 —1< 7 < 3r} 
r=1 


= {lf(2) — flvs)l1f(es) — Fw ecm eco 


= {[lmaice —lagoxe| » llmeecs — Ga+acels lbaptose — tage 6l.s leseie—e:— bmn eia—el 





> \bm-+2n—2—2n+41 = 


lm+2n—n+1\} 


—_ {lm-+2, Im+4, Im+5; Im4+7> aay, Lanny : 


We find the edge labeling between the end vertex of r*” loop and the starting vertex of 


(r + 1) loop and r = 1,2,---, 


, 


Ee = LU {fr@osrs1 U3r-+2) 


a . Let 





¥= VU {lf esr41) — f(vsr42)/} 


= {|f(va) — flrs) 1F(o7) — Fvs)i +++ 1 F(@n—2) — Fn—a) IF 


= {|hnpss — lapto-6 


| ry \lm+14—6 _ lm+i6—9| aes \bm+2n—4—n-+2 = lm+2n—2—n+1|} 





=. {lbaps — baal slbaxe 


Now, B= UE ifn=1 


= {lm+3, lm+6, Im+95 ret 


= lm t 7| ane) \lm+n—2 = lm+n|} 


’ lm+n—1} 


(mod 3) and E = UB UE; UE, if n = 2(mod 3). So, 


the edges of G ree the distinct labels. Therefore, F is a Lucas graceful labeling. Hence, 


G =C,,@P, is a Lucas graceful graph when m = 0(mod 3) and n = 1, 2(mod 3). 
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Example 2.14 The graph Co@P; admits a Lucas graceful labeling, such as those shown in 
Fig.6. 





Fig.6 


Definition 2.15 The graph Kin ©2Pm means that 2 copies of the path of length m is attached 


with each pendent vertex of Ky. 


Theorem 2.16 The graph Kin ©2Pm is a Lucas graceful graph. 


Proof Let G = Kin © 2Pm with V(G) = {uj:0<i< n} U {of o :l<i<n1l<j 


<m-—1}and E(G) = {uo wii l Sis njufuy visu; vo : L<i<nand1<j<m-1}u 


(1), (4) (2) , (2) 
Ug Vig+y Vig Vsajt 
|E(G)| = 2mn+n. 
For i = 1,2,---,n, define f : V(G) > {lo,li,la,--- ,laf},a e N, by fluo) = lo f(ui) = 
U(am-+1)(6—1) 423 (vo) = liam41)(—-1) 42741, 1 < J < m and f(v®) = lam41)(6-1) 42542, 1S 
jcom. 


We claim that the edge labels are distinct. Let 


pil<i<nandi<j<m-1h. Thus |V(G)| = 2mn+n-+ 1 and 


{fi (uo ui)} = LJ {If (wo) — f (us)|} 


i=l 


‘Cc: 


Il 
un 


A = 


n 


{|lo — deamsaye—1 42} =U (leomtyi-ys2} 


i=l 


ll 
Ca 


Il 
un 


‘Cc; 


ll 
ne 


Ey» => { Fi(uivl?), Fa(uivl?) } 


I 


Il 
an 


{| Fw) - FR 








’ 
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\(-—1) +2 — U(am41)(-1)44|} 








a U {|liam-+1)é-1) 42 — V2m+1) (6-1) 


i=l 


U {lam+1)(6—1) 41) ((am+1)(i-1) +3 } 
it 


l| 





= {hls} U {lom+e, lamsa} U {lomntn—2m41; lomntn—2m+3} 


= {li, lom+2, oa ylomn-+tn—2m-+41) 3, lom+4; a ,lamn-+n—2m+3 } > 


U { filo) oat 


Cc: 


Il 
eh 


‘Cc: 


U [se s0824)} 


w=1 

n m—1 

U U { |l(2m-41) (6-1) 42541 — Uam-+1) (1-1) 425-43} 
i=1 | j=1 

n m—1 

U U {l(2m-+1) yG-1 )+2j+2} 

i=1 | j=1 


Au (2m-+1)(6—1)-449 (am-41)(é—1) 460° ++» am41)(6—1) 42m } 


LC 





a +++ ylom} U {liam41)44 l(am41)46)°** » U(am+1)(i—1)-42m} U 


‘UJ {l(am+1)(n—1)-445 am-+1)(n—1)+69° +  U(@m-+1)(n—1)+2m} 


{la, yo slam; lom+s; a slam41, = slam +1)(n—1)+4> liam 1)(n—1)+6°"* domninat} ’ 











U j=l {Ato a 

n m-1 

Us U fre?) - 02} 

i=1 | j=1 

n m-1 

U U { |l(am-+1) (¢—1)-42542 — Uam+1)G—1) 425-441} 
i=1 | j=l 


U {l(2m-+1) )\G-1 +2543} 


‘Cc: 


ll 
an 


AY (2m-+1) (6-1) 455 lam-41)(6—1)4-79°*  am-41)(é—1)42m-41} 


= 


ie reg. lom+1} U {lom+1+45; lom+1+7; eer lom+1+2m+1} 





LU flemtnin 1) 45> Uam41)(n—1)-479 °° + am+1)(n—1)+(2m41) } 





{Is, vad slom-+1, lom+6; ue ylam41) hil slam +1)(n—1)+5> liam t1(n—1)+7>° °° Mem tiie} : 
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4 
Now, E= UE, = {li, lo, ace lapesetye he So, the edge labels of G are distinct. Therefore, 











i=l 
f is a Lucas graceful labeling. Hence, G = Ky, © 2Pm is a Lucas graceful labeling. 





Example 2.17 The graph Ky,4 © 2P, admits Lucas graceful labeling, such as those shown in 
Fig.7. 





Fig.7 


Theorem 2.18 The graph C3@2P,, is Lucas graceful graph when n = 1(mod 3). 


Proof Let G = C3@2P,, with V(G) = {wi :1<i< 3}U{u:1l<i<n}Uf{u:1<i<n} 
and the vertices wg and ws of C3 are identified with v, and u, of two paths of length n 
respectively. Let E(G) = {wjywig1 : 1 <i < 2} U {ujguigi, viviga : 1 < i <n} be the edge set of 
G. So, |V(G)| = 2n + 3 and |E(G)| = 2n +3. Define f : V(G) > {lo, hi, le,--- las} ae N 
by f (wr) = teat fn) = agg l StS nt 1; fw) = lage ass 38-2 S 9S Bs for 


n— 
s=1,2,..., 





and f(v;) = Intatoj—-3s 38 -—2< 7 <3s—1 fors= — +1. 
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We claim that the edge labels are distinct. Let 


Ey = (J {fr(wiuisrt =U tf (us) — fwist) | 


w=1 w=1 

a U {lavas a In43—i—1|} — U {|In4+3—i = In+2—4|} 
w=1 t=1 

= LU {ings—a} Ss {In,In—1, °° Ju}, 
w=1 


Ey = {fi(uiwr), fa(wivr), fi(vrus)} 
= {|f(u) — f(wi)|,|f(wr — f(vr)| |For) — fu) 


=, {\lnt2 — lata], [lnta — neal, nos — Intel} = {lnts, lntes Inti} - 





n—-1 
* 3 





For s = 1,2,--- , let 


n—-1 


3 
Bb, = U {fi (ujuj41) 1 38-—2< 7 <3s—1} 


s=1 
= VU tlf(vs) - f(vj41)| 288-2 <7 < 38-1 
s=1 


= {If(v1) — F(v2)|,|F (v2) — Fvs)1F U {IF (@4) — Fes) Lf (es) — Fo) EU 
LJ {1 F@n—3) — f(n—2)| If @n—2) — f(en—1)|} 

= {llne3 — Ines] [ngs —Int-7/} U {Ilnt6 — Intel Wnts — n+l} UJ 
=U) {\lon—1 — longi], longa — lental} 

= {In44;ln46}() {lntz, into} UU {lan dona} - 


We find the edge labeling between the end vertex of s*” loop and the starting vertex of 
-—1 
(s+ 1)" loop and 1<s< ar Let 








Ex, = {filvjvjti) 2 7 = 38} = {|f(vs) — f(vjsi)| : 7 = 35} 
= {|f(vs) — (va), |f(ve) — flo7)1,+°+  |PF(un—1) — Fun) |} 
= {\ln47 a In+e| , \Un+10 —_ In+o| an | \lon+3 <i lon+2|} —= {ls, lg, ea, ylon+i} . 


-1 
For s= “>— +1, let 


Es = {filoju(j41) J = 38 — 2} = {| f(v;) — flvjsi)| 7 = nh} 
= {lf(un) — feng) |} = {lntatan—n—2 — Int4ten+2—n—2\} 


= {lena — lontal} = {lonts} - 


5 
Now, E= U B= {hi ly, ..., lont3}. So, the edge labels of G are distinct. Therefore, f is 











s=1 
a Lucas graceful labeling. Hence, G = C3@2P, is a Lucas graceful graph if n = 1(mod 3). 





16 M.A.Perumal, S.Navaneethakrishnan and A.Nagarajan 


Example 2.19 The graph C3@2P, admits Lucas graceful labeling shown in Fig.8. 








lg 1 I, v2 %3 Ig 4 1, 0% 


lio 





lia 
lg 
ly 
lz uw 4 ug $s ug f2 us 4 us 
Fig.8 


Theorem 2.20 The graph C,@K1,2 is a Lucas graceful graph if n = 1(mod 3). 


Proof Let G = C,@k12 with V(G) = {u:1<i<n}U {u1, v2}, E(G) = {uuizs: 
1L<i<n—1}U{unut, Undvn, Unv2}. So, |V(G)| =n+2 and |E(G)| =n+2. Define f : V(G) > 
{lo, li, le,...,lah,ae N by f(u1) = 0, flor) = In, f(ve) = Inga; f(ui) = loi-ss, 88 —1 <i < 
3s+1 for s=1,2,..., i and f(u;) = la-3., 38 —1 <i < 3s for s = a. We claim that 
the edge labels are distinct. Let 





Ey = {fi (urue), fi(unrr), fi(unva), fi(unur)} 
= {lf(ur) — fu), |flun) — F(rr)|,|F(un) — F(va)| |f(un) — Fler) |b 
= {lo -bi] nti — nl, nti — Unga], nga — lol} 

= {hi,In-1, Into, ln4i}, 


n—4 


3 
ae LU {fr(uiiz1) : 38-1 <i < 35} 


s=l 
= U {|f(wi) — f(uigia)| + 38—1<i < 3s} 
s=1 


= {|f(u2) — f(us)| .|f(us) — Fuad} {1 f(us) — Fue) | Lf (us) — Fur) EL 
“LU {1f (un—s) — f(Un—a)| 5 |F(un—4) — f(Un—s)|} 

= {ll —Js| lls — ts1} LU {Ila — del Ids — UI} 
UJ {In—6 — In—als [dn—s — In—al} 

= {l,l} tse} LU tins. tn—s} = {lay las ds, 17,+++ Ins, Ina} 





We determine the edge labeling between the end vertex of s*” loop and the starting vertex 
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—A 
of (s+ 1) loop andl <s< = Let 





Es = {filuguigi): i= 3s4+1} = {|f(ui) — f(uizr)| 2 = 38+ 1} 
= {lf(ua) — f(us)|, fur) — flus)|,--+ | f(un-3) — f(un—2)|} 
= {{ls—3 —lio—el , |tua—6 — Lie—ol s+ > 5 an—6—n44a — lon—a—ntl} 
= {lls — Ul, |ls — lr] ,-++ 5 ln-2 — In—al } = {ls,l6,-++ Ina} - 


For s = oe. let 


Ex, = {fil(uiuigi) :3s-1<i< 3s} 

= {|f(ui) — f(misi)| + 3s-1<i < 3s} 

= {|f(un—2) — f(un—1)|,|f(un—1) — f(un)|} 
= {|lon-4-nt1 — lon—2-n41] 5 [on-2-n41 — lon—n+il} 
= {|ln—3 —In—a 5 |ln—1 — Insil} = {In—2, In} 





4 
Now, E= U &; = {h, la,...,In42}. So, the edge labels of G are distinct. Therefore, f is a 











w=1 
Lucas graceful labeling. Hence, G = C,,@K1,2 is a Lucas graceful graph. 





Example 2.21 The graph Cjp@k12 admits Lucas graceful labeling shown in Fig.9. 





§3. Strong Lucas Graceful Graphs 


In this section, we prove that the graphs K,,, and F,, admit strong Lucas graceful labeling. 


Definition 3.1 Let G be a (p,q) graph. An injective function f : V(G) — {lo, li, le,--+ , lg} 
is said to be strong Lucas graceful labeling if an induced edge labeling f\(uv) = |f(u) — f(v)| is 








a bijection on to the set {l1, lo, ...,lg} with the assumption of lo = 0,4, = 1, lo = 3,13 = 4,14 
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7,l5 =11,---,. Then G is called strong Lucas graceful graph if it admits strong Lucas graceful 
labeling. 


Theorem 3.2 The graph Kj,n, 1s a strong Lucas graceful graph. 


Proof Let G = Ki, and V = Vi UV, be the bipartition of Ky, with Vj = {ui} and 
Vo = {t, U2, ..., Un}. Then, |V(G)| = n+1 and |E(G)| =n. Define f : V(G) > {lo, hi, la, ..., dn} 
by f(uo) =lo, f(ui) =h,1<i<n. We claim that the edge labels are distinct. Notice that 


E = {filuow):1<isn}={f(uo)- fu): 1<sisn} 
aor 


{|f(uo) — f(ur)|,|f(uo) — f(u2)], ++ |F (uo (Un)|} 
2 Wile la Winas Lally tel VEE IG aa 


l| 





So, the edges of G receive the distinct labels. Therefore, f is a strong Lucas graceful labeling. 


Hence, K,,n the path is a strong Lucas graceful graph. 














Example 3.3 The graph Ky1,9 admits strong Lucas graceful labeling shown in Fig.10. 





Fig.10 


Definition 3.4((2]) Let ui, ua,...,Un,Un+1 be the vertices of a path and ug be a vertex which 
is attached with uy, U2,..-,Un;Un4+1- Then the resulting graph is called Fan and is denoted by 


F, = P,+ Ky. 
Theorem 3.5 The graph F, = Py + Ky is a Lucas graceful graph. 


Proof Let G = F, and uy, ug,...,Un,Un+1 be the vertices of a path P, with the central 
vertex uo joined with wy, ua,...,Un, Un4i- Clearly, |V(G)| =n+2 and |E(G)| = 2n+ 1. Define 
f : V(G) = {lo, li, lo, ..., lonti} by f(uo) = lo and f(u;) = li-1,1 <i <n+1. We claim that 
the edge labels are distinct. 

Calculation shows that 


{fi(uimigi) >1<i<n} = {| fui) — flui4i)|: 1 <i <n} 
{|f (ua) — f(u2)|, |Flu2) — flus)[,--s |F(un) — F(unsi) |} 
{|l Isl, [dg ls 


Ey 


I 


I 


grees lon—1 _ lon+1|} = {la, la, teey lon}, 


| 
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Ep = {filuou;s):1<ti<n+1} = {|f(uo) — f(ui)|:1<i<n4+ 1} 
= {|f(uo) — f(ur)|, |f(uo) — f(u2)|, -|f(uo) — f(unsi) |} 
{|lo — Lil, lo — dsl, ---, [lo — lon+i|} = {l,,13,..., lonsi}. 


Whence, FE = Fy U Eo = {lh, lo, ..., lon, lon4i}. Thus the edges of F,, receive the distinct labels. 
Therefore, f is a Lucas graceful labeling. Consequently, fF, = Pn, + Ki is a Lucas graceful 











graph. 





Example 3.6 The graph F7 = P; + Kk; admits Lucas graceful graph shown in Fig.11. 





ao B® w 


Fig.11 
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Abstract: An interesting symmetry on multiplication of numbers found by 
Prof.Smarandache recently. By considering integers or elements in groups on graphs, we 
extend this symmetry on graphs and find geometrical symmetries. For extending further, 
Smarandache’s or combinatorial systems are also discussed in this paper, particularly, the 
CC conjecture presented by myself six years ago, which enables one to construct more sym- 


metrical systems in mathematical sciences. 
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§1. Sequences 


Let Z* be the set of non-negative integers and I a group. We consider sequences {i(n)|n € Zt} 
and {gn € T'|n € Z*} in this paper. There are many interesting sequences appeared in literature. 
For example, the sequences presented by Prof.Smarandache in references [2], [13] and [15] 
following: 

(1) Consecutive sequence 

1, 12, 123, 1234, 12345, 123456, 1234567, 12345678, ---; 

(2) Digital sequence 

VA Aa a dd 2 

(3) Circular sequence 

1, 12,21, 123,231,312, 1234, 2341, 3412, 4123, ---; 

(4) Symmetric sequence 

1,11, 121, 1221, 12321, 123321, 1234321, 12344321, 123454321, 1234554321, ---; 

(5) Divisor product sequence 


1Reported at The 7th Conference on Number Theory and Smarandache’s Notion, Xian, P.R.China 
2Received December 18, 2010. Accepted February 18, 2011. 
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1, 2,3, 8,5, 36, 7, 64, 27, 100, 11, 1728, 13, 196, 225, 1024, 17, 5832, 19, - --; 

(6) Cube-free sieve 

2,3,4,5,6,7,9, 10,11, 12, 13, 14, 15, 17, 18, 19, 20, 21, 22, 23, 25, 26, 28, 29, 30,---. 
He also found three nice symmetries for these integer sequences recently. 


First Symmetry 








1x84+1 = 9 
12x8+2 = 98 
123x8+3 = 987 
1234x8+4 = 9876 
12345 x 8+5 = 98765 
123456 x 8+6 = 987654 
1234567 x 8+7 = 9876543 
12345678 x 8+8 = 98765432 
123456789 x 8+9 = 987654321 
Second Symmetry 
1x94+2 = 11 
12x9+3 = 111 
123x94+4 = 1111 
1234x9+5 = 11111 
12345x9+6 = 111111 
123456 x9+7 = 1111111 
1234567 x9+8 = 11111111 
12345678 x9+9 = 111111111 
123456789 x 9+10 = 1111111111 
Third Symmetry 
1x1 = 1 
1ix1l = 121 
111x111 = 12321 
1111x1111 = 1234321 


11111 x 11111 


12345431 
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111111 x 111111 = 12345654321 
1111111 x 1111111 = 1234567654321 
11111111 x 11111111 = 13456787654321 
111111111 x 111111111 = 12345678987654321 


Notice that a Smarandache sequence is not closed under operation, but a group is, which 
enables one to get symmetric figure in geometry. Whence, we also consider labelings on graphs 
G by that elements of groups in this paper. 


§2. Graphs with Labelings 


A graph G is an ordered 3-tuple (V(G), E(G); 1(G)), where V(G), E(G) are finite sets, called 
vertex and edge set respectively, V(G) 4 9 and I(G) : E(G) — V(G) x V(G). Usually, the 
cardinality |V(G)| is called the order and |E(G)| the size of a graph G. 

A graph H = (Vi, £1;[;) is a subgraph of a graph G = (V,E;I) if Vi CV, Ey C E and 
Ih: FE, — V, x Vi, denoted by H CG. 


Example 2.1 A graph G is shown in Fig.2.1, where, V(G) {v1, v2, 03, v4}, E(G) = 
= (v1, v2) = (v2, v1), I(eg) 


{€1, €2, €3, €4, €5, €6, €7, €8, €9, C10} and I(e;) = (vi, vi), 1 S 1 < 4; ;I(e 5) 
9) = (va, U1) = (v1, Va). 


= (v3, U4) = (va, 03), [(e6) = [(e7) = (v2, v3) = (vs, v2), I(es) = Ie 


€9 


Fig. 2.1 


An automorphism of a graph G is a 1 — 1 mapping 0: V(G) — V(G) such that 
O(u, v) = (A(u), A(v)) € E(G) 


holds for V(u,v) € E(G). All such automorphisms of G form a group under composition 
operation, denoted by AutG. A graph G is vertex-transitive if AutG is transitive on V(G). 
A graph family ¥p is the set of graphs whose each element possesses a graph property P. 


Some well-known graph families are listed following. 
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Walk. A walk of a graph G is an alternating sequence of vertices and edges wy, €1, U2, €2, 


+ ,€n, Un, With e; = (u;,ui41) for 1<i<n. 


Path and Circuit. A walk such that all the vertices are distinct and a circuit or a cycle is 
such a walk wz, e1, U2, €2,°°* ,€n, Un, With wu; = up, and distinct vertices. A graph G = (V, E; I) 


is connected if there is a path connecting any two vertices in this graph. 
Tree. A tree is a connected graph without cycles. 


n-Partite Graph. A graph G is n-partite for an integer n > 1, if it is possible to partition 
V(G) into n subsets Vi, V2,--- ,Vn such that every edge joints a vertex of Vito a vertex of 
Vi,3 At, 1<i,7 <n. A complete n-partite graph G is such an n-partite graph with edges 
uv € E(G) for Vu € V; and v € V; for 1 < i,j <n, denoted by K (pi, p2,--- , pn) if |Vi| = pi for 
integers 1 <i <n. Particularly, if |V;| = 1 for integers 1 < i <n, such a complete n-partite 
graph is called complete graph and denoted by Ky. 





K(4,4) Ke 


Fig.2.2 
Two operations of graphs used in this paper are defined as follows: 


Cartesian Product. A Cartesian product G; x G2 of graphs G, with Gp is defined by 
V(G, x Go) = V(G1) x V(G2) and two vertices (u1, ug) and (v1, v2) of G1 x G2 are adjacent if 
and only if either uy = v1 and (ug, ve) € E(G2) or ug = ve and (ui, 01) € E(G1). 

The graph K2 x Pg is shown in Fig.2.3 following. 





u 
1 2 3 4 5 6 
Ks . ° ° ° ° * 
Pe 
Vv 
U1 U2 U3 U4 U5 U6 
U1 v2 U3 U4 U5 V6 
Ko x Ps 


Fig.2.3 
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Union. The union GUA of graphs G and ZH is a graph (V(GUA), E(GUA), 1(GUA)) with 
V(GUH)=V(G)UV(H), E(GUH)=E(G)UE(H) and I(GUH)=I(G)UI(H). 
Labeling. Now let G be a graph and N Cc Z*. A labeling of G is a mapping lg : V(G) U 


E(G) — N with each labeling on an edge (u,v) is induced by a ruler r(l¢(u),le¢(v)) with 
additional conditions. 


Classical Labeling Rulers. The following rulers are usually found in literature. 


Ruler R1. r(lg¢(u),le(v)) = \le(u) — le(v)|. 








e 5 * A * 3 * 2 * 1 dl 
5 0 1 2 
Fig.2.4 
Such a labeling lg is called to be a graceful labeling of G if lg(V(G)) C {0,1,2,--- ,|V(G)|} 
and lg(E(G)) = {1,2,--- ,|E(G)|}. For example, the graceful labelings of Pg and S;.4 are shown 
in Fig.2.4. 


Graceful Tree Conjecture (A.Rose, 1966) Any tree is graceful. 


There are hundreds papers on this conjecture. But it is opened until today. 
Ruler R2. r(ig¢(u),le(v)) =le(u) + le(v). 


Such a labeling /g on a graph G with q edges is called to be harmonious on G if lg(V(G)) C 
Z(modgq) such that the resulting edge labels I¢(E(G)) = {1,2,--- ,|E(G)|} by the induced 
labeling Ig(u,v) = Ig(u) + le(v) (modg) for V(u,v) € E(G). For example, ta harmonious 
labeling of Pg are shown in Fig.2.5 following. 





Fig.2.5 


Update results on classical labeling on graphs can be found in a survey paper [4] of Gallian. 


Smarandachely Labeling Rulers. There are many new labelings on graphs appeared in 
International J.Math.Combin. in recent years. Such as those shown in the following. 


Ruler R3. A Smarandachely k-constrained labeling of a graph G(V, E) is a bijective mapping 
f:VUE-— {1,2,..,|V|+|E|} with the additional conditions that |f(w) — f(v)| > & whenever 
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uv € E, |f(u) — f(uv)| => k and |f(uv) — f(vw)| => k whenever u # w, for an integer k > 2. 
A graph G which admits a such labeling is called a Smarandachely k-constrained total graph, 
abbreviated as k — CTG. An example for k = 5 on P; is shown in Fig.2.6. 


@°*0@6”"e°0o°* o"o'*o'e 





Fig.2.6 


The minimum positive integer n such that the graph GU K,, is a k — CTG is called k- 
constrained number of the graph G and denoted by t,(G), the corresponding labeling is called 
a minimum k-constrained total labeling of G. Update results for t,(G) in [3] and [12] are as 


follows: 
2 if n=2, 
(1) to(Pa)=4 1 if n=8, 
0 else. 


(2) to(C,) =0 ifn > 4 and to(C3) = 2. 
(3) te(Kn) =O ifn > 4. 
2 if n=1 and m=1, 
(4) to(K(m,n))=4 1 if n=1 and m>2, 
0 else. 
0 if k<ko, 
(5) te(Pa)=4 2(k—ko)—1 if k>kp and 2n=0(mod 3), 
2(k—ko) if k>ko and 2n=1 or 2(mod 3). 
0 if k<k, 
(6) te(Cr) = 4 2(k—ko) if k>ko and 2n=0 (mod 3), 
3(k—ko) if k>ko and 2n=1 or 2(mod 3), 


where ko = |22=+|. More results on t,(G) cam be found in references. 
3 


Ruler R4. Let G be a graph and f : V(G) — {1,2,3,---,|V| + |E(G)|} be an injection. 
For each edge e = uv and an integer m > 2, the induced Smarandachely edge m-labeling f& is 
defined by 


fae) =| 


Then f is called a Smarandachely super m-mean labeling if f(V(G)) U {f*(e) :e € E(G)} = 
{1,2,3,---,|V| +|£(G)|}. A graph that admits a Smarandachely super mean m-labeling is 
called Smarandachely super m-mean graph. Particularly, if m= 2, we know that 


f(u) + f(r) 


iis if f(u) + f(v) is even; 
Hye ost RNa Cas oad. 


So 0), 


m 
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A Smarandache super 2-mean labeling on P? is shown in Fig.2.7. 


4 6 12 





1 2 3 5 t 8 9 11 138 14 #15 


Fig.2.7 


Now we have know graphs P,,, Cn, Kn,K(2,n), (n > 4), K(1,n) for 1 <n< 4, Cy x Pr 
for n > 1,m = 3,5 have Smarandachely super 2-mean labeling. More results on Smarandachely 
super m-mean labeling of graphs can be found in references in [1], [11], [17] and [18]. 


§3. Smarandache Sequences on Symmetric Graphs 


Let 0 : V(G) — {4, 11, 111, 1111, 11111, 111111, 1111111, 11111111, 111111111} be a vertex la- 
beling of a graph G with edge labeling 14 (u, v) induced by 13,(u)IA(v) for (u,v) € E(G) such that 
13. (E(G)) = {1, 121, 12321, 1234321, 123454321, 12345654321, 1234567654321, 123456787654321, 
12345678987654321}, i.e., 12(V(G)UE(G)) contains all numbers appeared in the Smarandachely 
third symmetry. Denote all graphs with i labeling by #°. Then it is easily find a graph with 
a labeling ie in Fig.3.1 following. 


(eo ty 
121 
111- 12321 111 
hi ae 1234321 PB 
Tee nies 123454321 * 11111 
111111: 12345654321 ©111111 
1111111 + 1234567654321 - 1111111 
11111111 - 123456787654321 *11111111 
111111111 + 12345678987654321 * 111111111 























Fig.3.1 


Generally, we know the following result. 


n 

Theorem 3.1 Let Ge Y°%. Then G = U H; for an integer n > 9, where each H; is a 
i=1 

connected graph. Furthermore, if G is verter-transitive graph, then G = nH for an integer 


n> 9, where H is a vertex-transitive graph. 


Proof Let C(i) be the connected component with a label i for a vertex u, where i € 
{1, 11,111, 1111, 11111, 111111, 1111111, 11111111, 111111111}. Then all vertices v in C(i) must 
be with label /3,(v) = i. Otherwise, if there is a vertex v with 3. (v) = j € {1, 11,111, 1111, 11111, 
LL1111, 1111111, 11111111, 111111111} \ {2}, let P(u,v) be a path connecting vertices u and v. 
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Then there must be an edge (x,y) on P(u,v) such that 13(x) = i, 12(y) = j. By definition, 
ix j €13(E(G)), a contradiction. So there are at least 9 components in G. 


Now if G is vertex-transitive, we are easily know that each connected component Ci) must 











be vertex-transitive and all components are isomorphic. 





The smallest graph in Y%° is the graph 9K shown in Fig.3.1. It should be noted that each 
graph in YZ is not connected. For finding a connected one, we construct a graph On following 
on the digital sequence 

1,11,111,1111,11111,---,11---1. 
KH~_S—’ 
k 
by 
a) — eee eee / / eee eee / 
V(Qe) = (1, 11,-++ ,d0e =I}, dL}, 
k k 


E(Qk) = {( ), (x, 2’), (xv, y)|x, y © V(Q) differ in precisely one 1}. 


ie Rear 
SS —’” 
k 


Now label x € V(Q) by Ie(a#) = Ie(a’) = & and (u,v) € E(Q) by le(u)le(v). Then we have 
the following result for the graph Qk. 


Theorem 3.2 For any integer m > 3, the graph On is a connected vertex-transitive graph of 
order 2m with edge labels 


lc(E(Q)) = {1, 11,121, 1221, 12321, 123321, 1234321, 12344321, 12345431, ---}, 
i.e., the Smarandache symmetric sequence. 


Proof Clearly, Om is connected. We prove it is a vertex-transitive graph. For simplicity, 
denote 11--+1, 11---1! by 7 and 7, respectively. Then V(Qm) = {1,2,--- ,7}. We define an 


operation + on V(Qz) by 





k+i= 11---1 and k+l =k4+T1, k =k 
SS —’ 


k+l(modk) 


for integers 1 < k,l <_m. Then an element 7 naturally induces a mapping 





i“: Eoa+i, for TE V(Qm): 


It should be noted that 2* is an automorphism of On because tuples % and 7 differ in precisely 
one 1 if and only if «+72 and y +7 differ in precisely one 1 by definition. On the other hand, 
the mapping T : % — 2 for VZ € is clearly an automorphism of Qm: Whence, 


G=(7,i*|1<i<m) X AutQn, 


which acts transitively on V(Q) because (y— a)*(#) = 7 for 7,9 € V(Qm) and r: FF. 
Calculation shows easily that 


Io(E(Qm)) = {1, 11, 121, 1221, 12321, 123321, 1234321, 12344321, 12345431, - --}, 
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i.e., the Smarandache symmetric sequence. This completes the proof. 











By the definition of graph On, w consequently get the following result by Theorem 3.2. 
Corollary 3.3 For any integer m > 3, Om ~Cm Xx Po. 


The smallest graph containing the third symmetry is Qo shown in Fig.3.2 following, 










C2 12321 C2 
1234321 
C4 123454321 
12345654321 
1234567654321 
123456787654321 
12345678987654321 




















1111111 
111111111 


1111111 
111111111 





Fig.3.2 


where cy = 11, cg = 1221, cg = 123321, cq = 12344321, c5 = 12344321, c5 = 1234554321, 
ce = 123456654321, c7 = 12345677654321, cg = 1234567887654321, cg = 123456789987654321. 


§4. Groups on Symmetric Graphs 


In fact, the Smarandache digital or symmetric sequences are subsequences of Z, a special infinite 
Abelian group. We consider generalized labelings on vertex-transitive graphs following. 


Problem 4.1 Let ([;0) be an Abelian group generated by x1,---,%p. Thus T = (#41, 22, 

,tn|Wi,---). Find connected vertex-transitive graphs G with a labeling lg : V(G) — 
{lr, £1, %2,:++ ,%n} and induced edge labeling le(u,v) = Ie(u) ole(v) for (u,v) € E(G) such 
that 


lg(E(G)) = {lp, 23,21 ° LQ, 29, Lo 0 %3,°** »en-1° Buea 


Similar to that of Theorem 3.2, we know the following result. 


Theorem 4.2 Let (T;0) be an Abelian group generated by x1,%2,-+: , Xn for an integer n> 1. 
Then there are vertez-transitive graphs G with a labeling lg : V(G) > {1r, 21, %2,--++ , an} such 
that the induced edge labeling by la(u,v) = la(u) ole(v) with 


lg(E(G)) = {lp 221 ° Lo, 05,29 0 %3,°** »en-1° rote be 


Proof For any integer m > 1, define a graph Omak by 


Gnnad= (Yoel U(U wom) U--U(U 2e] 


i=0 
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where |{U [2], 0 [y],--» , W [z]}| = k and 


UM [2] = Ne es yd yy 


{x9 
VO Ey] = {(y), yO, ye, yg}, 


for integers 0 <7 < m-—1, and 
E(Qm.n) =FiJ Fn 2s. 


where FE, = { (2, y),- . (2, 2) |O0<l<n-10<i<m-1l},h={ (x), o,), 
Ciaran = Le aa) |O<i<n-1, 0<i< m-—1, where! +1 = (modn)} and 

= f(x 2), Gy oy -,(z, 210 <1 <n-1, 0<i<m-—1, whereit1= 
es T hen is clear that Ones is connected. We prove this graph is vertex-transitive. In 
fact, by defining three mappings 


Gey (4) (2) (2) (2) (2) 


Ly Lys YE ga a 
722) a? oo? 00, 
8 x? = a(t), y Xy yf, _ ey =~ tn) 


where 1 <I <n, 1<t<m,i+1(modm), |!+1(modn). Then it is easily to check that 0, 7 
and o are automorphisms of the graph Qmm,~ and the subgroup (6,7,0) acts transitively on 
V(Qmn.k)- 


Now we define a labeling /g on vertices of Onn by 





lg(”) = glee?) = +++ =tg(2o?) = Ir, 


lala?) = lat?) = lal) =a, 1Si<m, 1<1<n. 





Then we know that Il¢g(E(G)) = {1r, 21, 2,--- ,&} and 











le(E(G)) = {1p, 27,21 ) £2, 05,2 023,°*+ ,Xn—1 0 Weise Vs 





Particularly, let [ be a subgroup of (Z111111111, X) generated by 
{1,11, 111, 1111, 11111, 111111, 1111111, 11111111, 111111111} 


and m = 1. We get the symmetric sequence on a symmetric graph shown in Fig.3.2 again. 
Let m = 5,n = 3 and k = 2, ie., the graph Qs,3.2 with a labeling Ig : V(Qs,3,2) => 
{1p, 21, %2, 23, 24} is shown in Fig.4.1 following. 

Denote by Ne[x] all vertices in a graph G labeled by an element x € I. Then we know 
the following result by Theorem 4.2. The following results are immediately conclusions by the 
proof of Theorem 4.3. 


Corollary 4.3 For integers m,n > 1, Once ~ Cm, X Ch X Ck. 
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Corollary 4.4 INo {ll = mk for Vx € {1p,21,°++ ,2n} and integers m,n, k > 1. 
Ip Ip 
t 1 
aN 
1 
ZY 
b v2 v2 
1 
X ae 
x3 v3 
2 3 
CA v4 
3 
v4 
4 
A LA 
Fig.4.1 


§5. Speculation 


It should be noted that the essence we have done is a combinatorial notion, i.e., combining math- 
ematical systems on that of graphs. Recently, Sridevi et al. consider the Fibonacci sequence 
on graphs in [16]. Let G be a graph and {Fo, Fi, Fo,---: , Fy,---} be the Fibonacci sequence, 
where F; is the q‘” Fibonacci number. An injective labeling Ig : V(G) — {Fo, Fi, Fy,-+: , Fy} 
is called to be super Fibonacci graceful if the induced edge labeling by Ig(u, v) = |le(u) —le(v)| 
is a bijection onto the set {F\, F2,--- , Fj} with initial values Fp = F, = 1. They proved a 
few graphs, such as those of C;, ® Pm, Cn ® Ki,m have super Fibonacci labelings in [18]. For 
example, a super Fibonacci labeling of Cg 6 Pg is shown in Fig.5.1. 


Fo Fs Ff; 





Frio Fy 
EF Hen. Nh 5 Tig Bat in 
11 
Fe F4 Fs Fs Fy Py 
F9 Fp 
Fo Fy Fig 


Fig.5.1 


All of these are not just one mathematical system. In fact, they are applications of Smaran- 
dache multi-space and CC conjecture for developing modern mathematics, which appeals one 


to find combinatorial structures for classical mathematical systems, i.e., the following problem. 


Problem 5.1 Construct classical mathematical systems combinatorially and characterize them. 
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For example, classical algebraic systems, such as those of groups, rings and fields by combina- 


torial principle. 


Generally, a Smarandache multi-space is defined by the following. 


Definition 5.2({6],[14]) For an integer m > 2, let (S1;Ri), (S23 Re), +++, (Umj3 Rm) be m 


mathematical systems different two by two. A Smarandache multi-space is a pair (ER) with 


S=( Ja, and R=UR.. 
i=1 i=1 


Definition 5.3([10]) A combinatorial system Gg is a union of mathematical systems (D1;R1), 
(No; Re), +++, (Um; Rm) for an integer m, i.e., 
6a =(UEs URi) 
i=1 i=1 


with an underlying connected graph structure G, where 
V(G) = {21,D2,--+ Lm}, ECG) ={ (2,55) | Bi Ey 40,1 < i, 9 < m}. 


We have known a few Smarandache multi-spaces in classical mathematics. For examples, 
these rings and fields are group multi-space, and topological groups, topological rings and 
topological fields are typical multi-space are both groups, rings, or fields and topological spaces. 
Usually, if m > 3, a Smarandache multi-space must be underlying a combinatorial structure G. 
Whence, it becomes a combinatorial space in that case. I have presented the CC conjecture 
for developing modern mathematical science in 2005 [5], then formally reported it at The 2th 
Conference on Graph Theory and Combinatorics of China (2006, Tianjing, China)([7]-[10]). 


CC Conjecture(Mao, 2005) Any mathematical system (X;R) is a combinatorial system 
Cally, 1 < 4,9 < m). 


This conjecture is not just an open problem, but more likes a deeply thought, which opens 
a entirely way for advancing the modern mathematical sciences. In fact, it indeed means a 
combinatorial notion on mathematical objects following for researchers. 


(1) There is a combinatorial structure and finite rules for a classical mathematical system, 
which means one can make combinatorialization for all classical mathematical subjects. 

(2) One can generalizes a classical mathematical system by this combinatorial notion such 
that it is a particular case in this generalization. 

(3) One can make one combination of different branches in mathematics and find new 
results after then. 

(4) One can understand our WORLD by this combinatorial notion, establish combinatorial 
models for it and then find its behavior, for example, 


what is true colors of the Universe, for instance its dimension? 


and ---. For its application to geometry and physics, the reader is refereed to references [5]-[10], 
particularly, the book [10] of mine. 
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Abstract: A simple graph G = (V, F) admits an H-covering if every edge in EF belongs to 
a subgraph of G isomorphic to H. We say that G is Smarandachely pair {s,/} H-magic if 
there is a total labeling f : VUE — {1,2,3,--- ,|V| +|£|} such that there are subgraphs 
Ay = (Yi, £1) and Hz = (V2, E2) of G isomorphic to H, the sum S> f(v) + > fle) =s 


veEVi eck, 
and > f(v)+ S> f(e) =I. Particularly, if s = 1, such a Smarandachely pair {s,!1} H-magic 
vEVo ecE2 


is called H-magic and if f(V) = {1,2,--- ,|V|}, G is said to be a H-supermagic. In this 
paper we show that edge amalgamation of a finite collection of graphs isomorphic to any 


2-connected simple graph H is H-supermagic. 
Key Words: H-covering, Smarandachely pair {s,1} H-magic, H-magic, H-supermagic. 


AMS(2010): 05C78 
§1. Introduction 


The concept of H-magic graphs was introduced in [3]. An edge-covering of a graph G is a family 
of different subgraphs H,, H2,...,H, such that each edge of EF belongs to at least one of the 
subgraphs H;,1 <i< k. Then, it is said that G admits an (H1, Ho,...,H,) - edge covering. 
If every H; is isomorphic to a given graph H, then we say that G admits an H-covering. 

Suppose that G = (V,£) admits an H-covering. We say that a bijective function f : 
VUE = {1,2,3,--- ,|V|+|E|} is an H-magic labeling of G if there is a positive integer m(f), 
which we call magic sum, such that for each subgraph H’ = (V’, E’) of G isomorphic to H, 
we have, f(H') = ijey fv) + ieee fle) = m(f). In this case we say that the graph G 
is H-magic. When f(V) = {1,2, |V|}, we say that G is H-supermagic and we denote its 
supermagic-sum by s(f). 

We use the following notations. For any two integers n < m, we denote by [n,m], the set 


of all consecutive integers from n to m. For any set I C N we write, 71 = )° @ and for any 
vel 
integers k, I+k = {x+k:a €I}. Thus k+[n, m] is the set of consecutive integers from k+n to 
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k+m. It can be easily verified that }>(I+k) = CI+4ll]. If P = {X1, X2,--- , Xn} isa partition 
of a set X of integers with the same cardinality then we say P is an n-equipartition of X. Also 
we denote the set of subsets sums of the parts of P by }> P = {35 X1,5> Xo,--- , >> Xy}.Finally, 
given a graph G = (V, £) and a total labeling f on it we denote by f(G) = > f(V) +35 f(E). 





§2. Preliminary Results 


In this section we give some lemmas which are used to prove the main results in Section 3. 


Lemma 2.1 Let h and k be two positive integers and h is odd. Then there exists a k- 
h-1)(hk +k+1 
equipartition P = {X 1, X2,---,Xx} of X = [1, hk] such that > X, = ( )(Ak +k +1) she 


2 
(h=1(hk +k +1), 


forl<r<k. Thus, )>P is a set of consecutive integers given by )>P = 5 


[1, k]. 


Proof Let us arrange the set of integers X = [1, hk] ina h x k matrix A as given below. 





1 2 --» k-1l ok 

n+1 n+2 +» Qk—-1 2k 

A= 2n+1 2n+2 --» 3k—-—1 3k 
(h-1k+1 (h-1)k+2 --- hk-1 hk 


hxk 


That is, A = (a;,;)nxz where a; = (i-1)k+j forl<i<hand1l<j<k. Forl<r<k, 
define X; = {aj,-/l1<i< aaty U {ain—-r41/42 <i<h}. Then 


bet h 
s X, = S Qi,r ae S Qijk—r4t1 
i= »_ R43 
w=1 i= 
hl 


4 


h 
=So(i-Dktr SO i-Dktk-r+1 





i= omg 
hk+h—-k—-1 
= tr 
2 
—1)(AE+k4+1 
= Gene, for 1l<r<k. 
—1)(hAk 1 











2 


Example 2.2 Let h = 9, k = 6 and X = [1,54]. Then the partition subsets are X, = 
{1,7, 13, 19, 25, 36, 42,48, 54}, X_ = {2,8,14, 20,26, 35,41,47,53}, X3 = {3,9, 15,21, 27,34, 
40, 46,52}, X4 = {4, 10, 16, 22, 28, 33, 39, 45, 51}, Xs = {5, 11, 17, 23, 29, 32, 38, 44, 50} and X_ = 


h—l1j(hk+k+1 
{6, 12, 18, 24, 30, 31, 37,43, 49}. > X, = eee 


5 +r=244+rforl<r<6. 
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Lemma 2.3 Let h and k be two positive integers such that h is even and k > 3 is odd. 


Then there exists a k-equipartition P = {X 1, X2,---,Xx} of X = [1,hk] such that \> X, = 
h-1)(hk+k+1 
ee NET +r forl<r<k. Thus,S>P is a set of consecutive integers given by 


(h —1)(hk +k +1) 
peer 


Proof Let us arrange the set of integers X = {1,2,3,--- ,hk}in ah x k matrix A as given 
below. 


+ [L, k]. 


1 2 + k-1 ok 

n+1 n+2 ++ Qk—1 2k 

A= 2n+1 2n+2 --» 3k—-—1 3k 
(h-1k+1 (h-1)k+2 +--+» hk-1 hk 





hxk 
That is, A = (a:,;)nxz where a,j; = (i-—1)k+ 7 forl<i<hand1l<j<k. Forl<r<k, 
h 
define Y; = {aj,/1<i< ot U {ain-rsa/s +1<i<h-—1}. Then 


4 h-1 
s Y= S Gir + S Qi,k—r41 
i=l 


i=h41 


B h-1 
=S{(i-lk+r}+ SO {G-Dkt+k—-r+1} 




















i=AG1 
k(h—1)? +h-k-2 
= Sp 
2 
For 1 <r < k, define X, = Yoip) U{(h — 1)k + a(r)}, where o and m denote the per- 
k-2r+1 k-1 
a for 1L<r<—— 
mutations of {1,2,---,k} given by o(r) = eee rae and m(r) = 
—— for —<r<k 
ix 2 2 
2r for fap 
. Then 
2r—k_ for ait crsk 
Sox = Yee) + (h- Dk + ar) 
k(h-1)? +h—-k—2 
Mya iene ke? +o(r)+(h-1k+a(r) 
k(h-1)?+h-k-2  k-2r41 
( ) {Se ae Ree for Lexa 
ae EP FRR 2 3k —2r +1 is 
a a een ee +(h—-1)k+2r—k for 44<r<k 
h—-l1)(hk+k+1 
simplification we get )> X; = EDO E ESD +r for 1<r< _ k. Hence, >P = 
h-1)(hk+k+1 
PSD GE is) er dy Ta. 
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Example 2.4 Let h = 6,k = 5 and X = [1,30]. Y; = {1,6,11, 20,25}, Yo = {2,7, 12, 19, 24}, 
Y3 = {3,8, 13, 18, 23}, Ys = {4,9, 14, 17, 22}and Ys = {5, 10, 15, 16,21}. By definition the parti- 
tion subsets are, X, = Yor) U {((h — 1k + an(r) for 1 <r <5. X1 = {2,7, 12,19, 24,27}, Xo = 
{1, 6, 11, 20, 25, 29}, X3 = {5, 10, 15, 16, 21, 26} X4 = {4,9, 14, 17, 22, 28} X5 = {3,8, 13, 18, 23, 30}, 


—- k+1 
Now Sn CU goiter 6, 


2 
Lemma 2.5 If h is even, then there exists a k-equipartition P = {X1, Xo,---,X,} of X = 
h(hk+1 
[1, hk] such that > X, = Make) forl<r<k. Thus, the subsets sum are equal and is 
h(hk + 1) 
equal to —————. 


Proof Let us arrange the set of integers X = {1,2,3,--- ,hk}in ah x k matrix A as given 
below. 





1 2 --+ k-1l ok 

n+1 n+2 +» Qk—1 2k 

A= 2n+1 2n+2 --» 3k—-1 3k 
(h—-1k+1 (h-1)k+2 +--+» hk-1 hk 


hxk 
That is, A = (a:,;)nxz where a; = (i-—1)k+j forl<i<hand1l<j<k. Forl<r<k, 
define X, = {air/1 <i < 4} U {ai n—rgi/4 +1 <i <h—1}. Then 


3 h 
S- Xp = ye Air =k > Qi,k—rt+l1 
t=1 


i=h41 


2 h 
= DG Det EY (Geter tye ED 


i=h41 





h(hk +1) 








Thus, the subsets sum are equal and is equal to 





Example 2.6 Let h = 6, k = 5 and X = [1,30]. Then the partition subsets are X, = 
{1,6, 11, 20, 25,30}, X2 = {2,7,12,19, 24,29}, X3 = {3,8, 13, 18, 23,28}, Xs = {4,9, 14,17, 
h(hk +1) 
22,27} and Xs = {5,10, 15, 16, 21,26}. Now, > X, = = 93 for <r <5. 
k 
Lemma 2.7 Let h and k be two even positive integers andh > 4. If X = [1,hk+1]— {5 +1}, 
h?k+3h—k—2 


there exists a k-equipartition P = {X1, X2,--- , Xz} of X such that > X, = ——==_ Ge 
h?k+3h—k—2 
forl<r<k. Thus )>P is a set of consecutive integers — + [1, A]. 


Proof First we prove this lemma for h = 2 and we generalize for any even integer h > 4. 


Case 1: h=2. 
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X = [1,2k+1)—-{£ +1}. Forl<r<k, define 


{k+1l—r,k+14+2r} for 
{38 +. 2-1, 2r} for 


IA 


Nla Fr 
+ 

Re 3 
IA IA 


ee) Co 


X,= 


Hence, > X, = 38 +2+r forl<r<k. 
Case 2: h > 4 


k 
Let Y = [1,2k+1]—- {5+ 1} and Z = [2k+2,hk+1]. Then X =Y UZ. By Case 1, there 
exists a k-equipartition P; = {Y1, Yo,--- , Y,} of Y such that 


k 
i= St2tr for l<r<k (1) 


Since h — 2 is even, by Lemma 2.5, there exists a k-equipartition 


h —2)(hk —2k+1 
PDE DF or eEEY OE see auch tak hoe ee 


Adding 2k+1 to [1, (h—2)k], we get a k-equipartition Pg = {Z), Z2,--- , Z,} of Z = [2k+2, hk+ 
h—2)(hk-2k+1 
1] such that 5° Z, = (h — 2)(2k4+ 1) + Messe eee) 


5 forl<r<k. Let X, = Y,U Z, 
for 1 <r<k. Then, 


ee SoY,US) Z, 
= een be for 1<r<k. 


h?k + 3h—k—2 
oe 
Example 2.8 Let h = 6, k = 6 and X = [1,37] — {4}.Then the partition subsets are X, = 
§30,14;90:31,97),, Xo S12) 115 16, 216 30. 36}, Xa = 11,13; 16,2290: 35), Ky =H 17, 81703. 
28,34}, Xs = {6, 10, 18, 24, 27,33} and Xg = {5, 12, 19, 25, 26, 32}. Now, 

_ Wk+3h-—k-2 


Do Xe = tr tr 











Hence, >> P is a set of consecutive integers 





+ (1, kl]. 


forl<r<6. 


k 
Lemma 2.9 Let h and k be two even positive integers. If X = [1,hk + 2] —- {1, 5 +2} , there 


h?k+5h—k—2 
exists a k-equipartition P = {Xy, X2,--+ ,Xx} of X such that > X, = (eee eee +r for 


2 
h?k-+5h—k—2 
+ I. 


Proof First we prove this lemma for h = 2 and we generalize for any even integer h > 4. 


l<r<k. Thus )>P is a set of consecutive integers 


Case 1: h=2 


k 
X = [1, 2k + 2] — {1,5 + 2}. For 1<r<k, define 


k 
{5 tion k+2+ 2r} for 


IA 
= 
IA 


X,= 


+ 
= 
IA 


k 
(SF 43—n2r+1} for 
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k 
Hence, DX, = +440 forl<r<k. 
Case 2: h>4 


k 
Let ¥ = [1,2k +2] — {1,5 +2} and Z = [2k +3,hk +2]. Then X =Y UZ. By Case 1, 
there exists a k-equipartition P; = {Y1, Yo,--- , Y,} of Y such that 


k 
Siva St4tr for l<r<k (2) 


Since h — 2 is even, by Lemma 2.5, there exists a k-equipartition 
h—2)(hk -2k+1 
P, = {Z}, Zh,-»» ZL} of [1,(h — 2)k] such that 3 Z! = (hee Tek) forl<r<k. 
Adding 2k+2 to [1, (h—2)k], we get a k-equipartition Pg = {Z), Zo,--- , Z,} of Z = [2k+3, hk+ 
(h — 2)(hk — 2k +1) 
2] such that > Z, = (h — 2)(2k +2) + for 1 or Sk. Let X, = ¥.UZ, 
for 1 <r<k. Then, 


oe 


I 


yOYUyS Z 


h? —k-2 
= vee te for 1<r<k. 





h?k+5h—k—2 
2 

Example 2.10 Let h = 6, k = 6 and X = [1,38] — {1,5}.Then the partition subsets 

are X1 = {4,10, 15,21, 32,38}, Xo = {3,12, 16, 22,31,37}, X3 = {2,14, 17,23, 30,36}, X. = 

{8,9, 18, 24,29, 35}, X5 = {7, 11, 19, 25, 28, 34} and Xg = {6, 13, 20, 26,27, 33}. Now, 3X; = 

h?k+5h—k—-2 
2 








Hence, 5° P is a set of consecutive integers + [1, k]. 





+r=119+rforl<r<6. 


§3. Main Results 


Definition 3.1(Edge amalgamation of a finite collection of graphs, [1]) For any finite collection 
(Gi, usvi) of graphs G;, each with a fixed edge ujv;, Carlson [1] defined the edge amalgamation 
Edgeamal{ (Gj, ujv;)} as the graph obtained by taking the union of all the G;’s and identifying 
their fixed edges. 


Definition 3.2( Generalized Book) [f all the G;’s are cycles then Edgeamal{ (Gi, usv;)} is 
called a generalized book. 


Theorem 3.3 Let H be a 2-connected (p,q) simple graph. Then the edge amalgamation 
Edgeamal{(H;, uivi)} of any finite collection {H;,uivi} of graphs H;, each with a fixed edge 


uv; tsomorphic to H is H-supermagic for all values of p and q. 


Proof Let {H;,u;v;} be a collection of n graphs H;, each with a fixed edge u,v; and 
isomorphic to a 2-connected simple graph H. 
Let G = Edgeamal{(H;j, u;v;)} with vertex set V and edge set EF. Note that |V| = n(p—2)+2 
and |E| = n(q—1)+1. Let AH; = (Vi, B;) for 1 <7 <n. Label the common edge of G as 
€ = wy we. Let V/ = V; — {wi1, wo} and E} = E — {e} for 1 <i<n. 
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Case 1: n is odd 
Subcase (i): p is even and q is odd 


Since p — 2 and q— 1 are even by Lemma 2.5 there exists n-equipartitions P| = {X{, X4, 





,X?} of [1,(p — 2)n] and P, = {Y/, Y3,--- , ¥/} of [1,(q—1)n] such that 
2n 4 (¢—1)(qn—n+1) 
xp = Ba alon= 2+) pra GSE 
—% De ; 


Add 2 to each element of the set [1, — ] and (p—2)n+3 to each element of the set [1, (q—1)n]. 
We get n-equipartitions Py = {X1, X2,--- , Xn} of [3, pn — 2n + 3] and Pg = {Yi, Yo,--- , Yn} 
of [pn — 2n + 4, (p+ ¢ — 3)n + 3] such that 


X= (p— 2yo4 Bo Pon on +t) Ye )(pn — 2n +3) ——— 














Define a total labeling f : VUE — [1,(p+q—-3)n4 : as follows: 


f(wi) = 1 and f(we) =2. 
fle) = pn—-2n+3. 

iV): = Keto Tees 

F(R) = Yn-inn for 1<i<n. 


Then for 1 <i<n, 
f(A) = fw) + flv) t+ fOt+>S f(VI4+> 4 E 
= f(wi)+f(w2) + fle) ar 
n(pt+q)?+pt+qt+5(n-—1) 


eee (n= A) (2) + 34) 

















= constant. 
Since H; = H for 1 <i<n, G is H-supermagic. 
Subcase (ii): p is odd and q is even 


Since p—2 and g—1 are odd, by Lemma 2.1 there exists n-equipartitions P, = {Xj}, X4,---, 
XI} of [1, (p — 2)n] and Py = {Y7/, ¥3,--- , Y/} of [1, (¢- a such that 


3)(pn — n+ 1) Hd, 
Pe eres pn n i Ny=@ Ms 


for 1 <i<n. Add 2 to each element of the set [1,(p — 2)n] and i: — 2)n + 3 to each element 
of the set [1,(q—1)n]. We get n-equipartitions P, = {X1, X2,--- , Xn} of [3, pn — 2n + 3] and 
Py = {¥1, Yo,--- , Yn} of [pn — 2n + 4, (p + q — 3)n + 3] such that 


— 3)(pn—n+1) =) 1 
>> X= (p- 224 Bo Son nt S~¥i = (q—1)(pn—2n+3)+ Gog) 


for 1<i<n. Define a total labeling f: VU E = [1, (p+ ¢q — 3)n + 3] as follows: 








) = 1 and f(we) =2. 
fle) = pn—-2n+3. 

) = X; for l<i<n. 

) 


= Yn—i4+1 for 1 < a < n. 
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Then for 1 <i<n, 


f(A) = flu) + flv) + f+ £45 ED) 
= f(wi) + fw) + fle)+ > XJ 450 Y/ iy 


2 Ee ae ac — (n—1)(2p + 3q) 














= constant. 


Since H; ~ H for 1 <i<n, G is H-supermagic. 
Subcase (iii): p and q are odd 

Since p — 2 is odd, by Lemma 2.1 there exists an n-equipartition P{ = {X1,X4,--- ,X/,} 

= mad 
sti @ =o site es 
n is odd, by Lemma 2.3 there exists an n-equipartition PS = {Y/, Y3,--- , ¥;} of [1,(q- 1)n] 
—2 1 

such that 7 Y/ = (a= han 1) +i for 1 <i <n. Add 2 to each element of the set 
[1, (p — 2)n] and (p — 2)n + 3 to each element of the set [1,(q—1)n]. We get n-equipartitions 
Py = {X1, X2,--- , Xn} of [3, pn—2n4+3] and Pp = {¥1, Yo,--- , Yn} of [pn—2n+4, (p+q—3)n+43] 
such that 


+i for 1<i<n. Since q—1 is even and 





(p — 3)(np —n + 1) 
2 
)+ we Kan 


rx 


SK = @-Ven— 43 


(p— 2)24 +4, 


I 


+1 





for 1<i<n. Define a total labeling f: VU E = [1, (p+ ¢ — 3)n + 3] as follows: 


f(wi) = 1 and f(we) =2. 
fle) = pn—-2n+3. 

V2) S 2 dtot Le rs a 

F(R) = Yn-inn for 1<i<n. 


f(A) = f(wi)+ fw) t+ fe) +> > fVI) +0 (ED 
= f(wi) + f(we)+fle)+ 5) Xi +50 Y it 


7 Meg Psat) in — 1)(2 +39) 














= constant. 


Since H; = H for 1 <i<n, G is H-supermagic. 
Subcase (iv): p and q are even 


Since p — 2 is even and n is odd, by Lemma 2.3 there exists an n-equipartition P, = 

—3 — 1 
{X! X34... ,X} of [1,(p — 2)n] such that 2X! = pe onan) +iforl<i<n. 
Since g — 1 is odd, by Lemma 2.1 there exists an n-equipartition PS = {Y/,Y3,--- , Y/} of 
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[1,(q¢—1)n] such that > Y/ = tg 2 hare) +% for 1<i<n. Add 2 to each element of the 
set [1, (p— 2)n] and (p— 2)n+3 to each element of the set [1,(q—1)n]. We get n-equipartitions 
Py = {X1, X2,--- , Xn} of [3, pn—2n4+3] and Pp = {¥1, Yo,--- , Yn} of [pn—2n+4, (p+q—3)n+43] 
such that 





(p — 3)\(pn—-n+1 


So X= (p— 224 Bo Sone Ds, SiY= (q—1)(pn—2n+3) + Mane $4 





for 1<i<n. Define a total labeling f: VU E = [1, (p+ ¢ — 3)n + 3] as follows: 


f(wi) = 1 and = f(we) =2. 
fle) = pn-2n+3. 

PV) = Xe tor TAS i: 

F(R) = Yn-inn for 1<i<n. 


Then for 1 <i<n, 


f(A) = flu) + f(r) + f+ > fVI +0 ED) 


= f(wi) + f(we)+fle)+ > X45 0 Via 


= np yg ep rato) — (n —1)(2p + 39) 














= constant. 


Since H; = H for 1 <i<n, G is H-supermagic. 
Case 2: n is even 
Subcase (i): p is even and q is odd 

The argument in Subcase(i) of Case (1) is independent of the nature of n. Hence we get 
G is H-supermagic. 
Subcase (ii): p is odd and q is even 

The argument in Subcase(ii) of Case (1) is independent of the nature of n. Hence we get 
G is H-supermagic. 
Subcase (iii): p and q are odd 

Since p — 2 is odd, by Lemma 2.1 there exists an n-equipartition P, = {X{, X4,--- ,Xj,} 

—3 - 1 
of (1, (p — 2)n] such that 3X? = w= Son = nt) 
are even, by Lemma 2.7 there exists an n-equipartition P, = {Y/,Y3,--- , Y/} of [1,(q-—1)n+ 
—1)?n+3(q-1)-n—-2 

1] — {= +1} such that SY/ = ae a for 1 <i<n. Add 2 to each 
element of the set [1, (p — 2)n] and (p — 2)n + 2 to each element of the set [1,(q—1)n]. We 
get n-equipartitions Py = {X 1, X2,--- ,Xn} of [3,pn — 2n + 3] and Py = {%, Yo,--- , Y,} of 
[pn — 2n+ 3, (p+ q—3)n+3]— {(p— 2)n4 5 + 3} such that 


+i for1<i<n. Since q—1andn 








DXi = p—2j24 Po Menr nt) 5, 
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DV = (a Y(pn—2n 42) 4 CO an en? ; 





for 1<i<n. Define a total labeling f: VU E = [1, (p+ ¢ — 3)n + 3] as follows: 


f(wi) = 1 and f(we) =2. 
fle) = (p—2)n4+ 543. 

GV) Sk dot a Sak 

F(R) = Yn-inn for 1<i<n. 


Then for 1 <i<n, 


f(A) = flu) + flr) + f+ £V) +0 ED) 
= f(wi) + f(we)+ fle) +S 5X 450 V1 iy 


= np yg tprd (n — 1)(2p + 3q— 3) 


= constant. 














Since H; = H for 1 <i<n, G is H-supermagic. 
Subcase (iv): p and gq are even 


Since p — 2 and n are even, by Lemma 2.9 there exists an n-equipartition P, = {X1, Xo, 








2)*n+5 2 2 
..+ Xp} of [1, (p—2)n +2] {1,5 + 2} such that 3X; = Dearne Op An? i for 
1<i<n. 
Since g — 1 is odd, by Lemma 2.1 there exists an n-equipartition PS = {Y/,Y3,--- , Y/} of 


[1,(q—1)n] and SV Y/ = fa 2gnth) +i for1<i<n. Add (p—2)n+43 to each element of the 
set [1,(q—1)n]. We get an n-equipartition Py = {Y1, Yo,--- , Yn} of [pn—2n+4+4, (p+ q—3)n4+3] 
such that 5° Y; = (q— 1)(pn — 2n +3) + (a=?) lant) +i for 1<i<n. Define a total labeling 


f:VUE-— (1, (p+q-—3)n+3] as follows: 


f(wi) = 1 and f(w2)= 5 +2. 
fle) = pn—-2n+3. 

fVi) = X; for 1<i<n. 

F(R) = Yn-inn for 1<i<n. 


Then for 1 <i<n, 


f(A) = flu) + flr) + f+ £VI +0 ED) 
= f(wi) + f(we)+ fle)+ > X40 V0 iy 


np+q)?+ptq _ 
2 


= constant. 

















(n — 1)(2p + 3q — 3) 


Since H; = H for 1 <i<n, G is H-supermagic. 
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Hence, the edge amalgamation Edgeamal{ (Hj, u;v;)} of any finite collection {H;, uiv;i} of 


graphs H;, each with a fixed edge u,v; and isomorphic to H is H-supermagic for all values of 











p and q. 





Illustration 3.4 Let H,,H2,H3,H4 and Hs be five graphs isomorphic to the wheel Wy = 
C4 + Kk, and their fixed edges given by dotted lines. Then the Edge amalgamation graph 


Edgeamal{ (H;,u;v;)} of the given collection is W4-supermagic with supermagic sum 303. 





Fig.1 


Illustration 3.5 Let H,,H2,H3 and Hy, be four graphs isomorphic to H and their fixed edges 
given by dotted lines. Then the Edge amalgamation graph Edgeamal{(H;, ujv;)} of the given 


collection is H-supermagic with supermagic sum 300. 





Fig.2 
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Definition 3.6(Book with m-gon pages) Let n and m be any positive integers with n > 1 and 
m >3. Then, n copies of the cycle Cy, with an edge in common is called a book with n m-gon 
pages. That is, if {Gi,u;v;} is a collection of n copies of the cycle Cm each with a fixed edge 
ujv; then Edgeamal{(G;, u;v;)} is called a book with n m-gon pages. 


A book with 3 pentagon pages is given below. 


Fig.3 


Corollary 3.7 Books with n m-gon pages are Cy, -supermagic for every positive integers 
n> land m > 3. 


Illustration 3.8 Cs-supermagic covering of a book with 3 hexagon pages is given below. The 


supermagic sum is 167. 





Fig.4 


Theorem 3.9 Let H; = Ky, with verter set V(H;) = {ui, vir : 1 < r < k} and the edge set 
E(H;) = {vivir 2 1 <r < k} where 1 <i< k andG be a graph obtained by joining a new vertex 


w with v11,V21,°°: , Uk. Then G is Ky ,-supermagic. 


Proof Let Vi = {vi,vir 2 1 <r < k} and Ej = {Vivjzr : 1 <r < k} for l <i<k. 
Then the vertex and edge set of G = (V, E) are given by V = US_,V; U {v} and E = Ut, FE; U 
{vv1, vv2,+++ , VUE}. Also |V| = k2 +k4+1 and |E| = k? +k. Let Vegi = {w, v1, v2,--- , ve} 
and Exyi = {wvi, wve,--: , woe} and Agia = (Ve4i1, Ex41) be the graph with vertex set Vi41 
and edge set Ex41. Note that any edge of E belongs to at least one of the subgraphs H; for 
1<i<k+l1. Since H; = Ky, for 1 <i<k+1, G admits a K1,-covering. 
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Case 1: k is odd 


Since k + 1 is even, by Lemma 2.3, there exists a k-equipartition P = {X1, X2,--- , Xx} of 
X = [1,(k+1)k] such that 


ss uae +i for 1<i<k (3) 


k+1 
It can be easily verified from the definition of X, in Lemma 2.3 that —— —1)k+o(r) € X, 


for 1 <r<k, where o denotes the permutation of {1,2,--- ,k} given by 
—2 1 k-1 
- ae for 1<r< "ot 
a(r) = 
3k —2rt+1 k 
BED gg BO cg 


k+1 
Construct Xx41 = (= _ 1) k+o(r):1<r<k}Uf{k? +k+]}. 








So Xe = »|[(H 1) k+o(r| ke+k+1 


_ R(k=1) , kk +1) 


5 +k? +k+1 
een e 2 (4) 
From (1) and (2) we have 
SX = noe Cy, doe te (5) 


As k is odd, by Lemma 1, there exists a k + 1-equipartition V = {Y/, Y3,--- , Yi, ,} of the 
k—1)[(k+1)?4+1 
set Y = [1,k(k+1)] such that > Y/ = Ns for l<i<k+l. 
Adding k? +k +1 to [1,k(k+1)], we get a k + 1-equipartition Q = {Yi, Yo,--- , Yeri} of 
the set Y = [k? +k +2,2k? + 2k + 1] such that 


Sees a es for 1<i<k4+l (6) 


Define a total labeling f : VU E — [1, 2k? + 2k + 1] as follows: 
(i) f(w) =k? +k +1. 


Gi) fi) = X; with f(vi) = ( - 1) k+o(r) forl<i<k+1. 


Then forl1<i<k+1, 
= FV) +5 (Ei) =>) Xt Va 


a ears 
————— 
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which is a constant. Since H; = Ky, for 1 <i<k+1, Gis K,,-supermagic. 
Case 2: k is even 


Since k + 1 is odd, by Lemma 1,there exists a k-equipartition P = {X1, Xo,---,Xx} of 
X = [1,(k+1)k] such that 


k(k+1 
yet = ag Be ty Se (7) 
; . tes : k+2 
It can be easily verified from the definition of X,. in Lemma 2.3 that hale 1) k+r eX, for 
k k k k+2 
l<r S508 and (5-1) etre x, for 5 t+lsrsk. Construct Xia = ((AE* = 1) br: 
k k k 9 
bers SU gos Bato PlSTShyULe +k+1}. 


& k 


xin = (2-1) 47 +S (5-1) e+] +h? +k41 


r=1 kay 
= ede) + moe +k? +k+1 
= HRA kta (8) 
From (5) and (6) we have 
So Xy = = +i for 1<i<k+1 (9) 
As k is even, by Lemma 2.3, there exists a k + 1-equipartition V = {Yj,¥3,---,¥j4,} of 


the set Y = [1,k(k + 1)] such that Y¥/ = GOVIHV"+ 4 5 for 1 <i < k+1. Adding 
k? +k+1 to [1,k(k + 1)], we get a k + l-equipartition Q = {Y1, Yo,--- ,Ye41} of the set 
= [k? +k + 2,2k? + 2k + 1] such that 
(k-1)[(k+1)? 4+] 


Doi = (+k +1) + —— 43 for 1<i<k+l1 (10) 


Define a total labeling f : VU E — [1, 2k? + 2k + 1] as follows: 





(i) f(w) =k? +k +1. 


ed 


(ii) f(Vi) = X; with f(vi) = oS - 1) k+rfor1<i< <= and f(vj1) = (5 - 1) k+r 


i) 


k 
a 
Then forl1<i<k+1, 


fA) =LIV) +2 (Es) 


= Xi4+ 05 Vaqpo-i 
4k? + 5k? +5k42 
9 2. 
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which is a constant. Since H; = Ky, for 1 <i1<k+41, G is kK, ,-supermagic. Thus, in both 


4k? + 5k? +5k42 
the cases G is K,,,-supermagic with supermagic sum s(f) = a . 














Illustration 3.10 





Fig.1. G- is Ki,5-supermagic with supermagic sum 236. 


32 26 
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Fig.2. G- is Ki,6-supermagic with supermagic sum 538. 
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Abstract: For a give finite connected graph I’, a group H of automorphisms of I and a finite 
group A, a natural question can be raised as follows: Find all the connected regular coverings 
of T having A as its covering transformation group, on which each automorphism in H can 
be lifted. In this paper, we classify all the connected regular covering graphs of the cube 
satisfying the following two properties: (1) the covering transformation group is isomorphic 
to the elementary Abelian p-groups; (2) the group of fibre-preserving automorphisms acts 


edge-transitively. 


Key Words: Connected graph, graph covering, cube, Smarandachely covering, regular 


covering. 


AMS(2010): 
§1. Introduction 


All graphs considered in this paper are finite, undirected and simple. For a graph IT’, we use 
V(C), E(L), A(T) and Aut(L) to denote its vertex set, edge set, arc set and full automorphism 
group, respectively. For any v € V([), by N(v) we denote the neighborhood of v in T. For an 
arc (u,v) € A(T), we denote the corresponding undirected edge by uv. 

A graph I is called a covering of the graph [' with projection p : [ —T if there is a 
surjection p : V([) > V(I) such that p\n(o) : N(®) > N(v) is a bijection for any vertex 
v € V(L) and @ € p~!(v). The graph I is called the covering graph and T is the base graph. 
A p: IT is called to be a Smarandachely covering of T if there exist u,v € V(I’) such that 
|p-'(u)| 4 |p-1(v)|. Conversely, if |p~!(v)| = n for each v € V(L), then such a covering p is 
said to be n-fold. Each p~1(v) is called a fibre of T. An automorphism of [ which maps a fibre 
to a fibre is said to be fibre-preserving. The group K of all automorphisms of I’ which fix each 
of the fibres setwise is called the covering transformation group. A covering p : T > T is said 
to be regular (simply, A-covering) if there is a subgroup A of K acting regularly on each fibre. 
Moreover, if [ is connected, then A = K. 


A purely combinatorial description of a covering was introduced through a voltage graph 
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by Gross and Tucker [4,5] and also a very similar idea was appeared in Biggs’ monograph [1,2]. 
Let A be a finite group. An (ordinary) voltage assignment (or, A-voltage assignment) of T is 
a function ¢: A([) — A with the property that ¢(u,v) = ¢(v,u)~+ for each (u,v) € A(L). 
The values of ¢ are called voltages, and A is called the voltage group. The graph T xg A 
derived from @ is defined by V([ xg A) = V(T) x A and E(T x4 A) = {((u,g), (v, o(u, v)g)) | 
(u,v) € E(D), g € A}. Clearly, the graph T x4 A is a covering of the graph I’ with the first 
coordinate projection p: x4 A—T, which is called the natural projection. For each u € V(T), 
{(u,g) | g € A} is a fibre of ! xg A. Moreover, by defining (u, 9’)% := (u,g’g) for any g € A 
and (u,g’) € V([ x¢ A), A can be identified with a fibre-preserving automorphism subgroup of 
Aut(I x4 A) acting regularly on each fibre. Therefore, p can be viewed as a A-covering. Given 
a spanning tree T' of the graph T, a voltage assignment ¢ is called T-reduced if the voltages 
on the tree arcs are identity. Gross and Tucker ((4]) showed that every regular covering of a 
graph [I can be derived from an ordinary T-reduced voltage assignment ¢ with respect to an 
arbitrary fixed spanning tree T of I. 

An automorphism a of TI can be lifted to an automorphism @ of a covering graph T if 
pa = ap, where p is the covering projection from T tol. We say a subgroup of H of Aut(T) 
can be lifted if each element of H can be lifted. 

For a given finite connected graph I, a group H of automorphisms of I and a finite group 
A, a natural question can be raised as follows: Find all the connected regular coverings of I 
having A as its covering transformation group, on which each automorphism in H can be lifted. 
In [3], Du, Kawk and Xu investigate the regular coverings with A = Z/), an elementary Abelian 
group and get some new matrix-theoretical characterizations for an automorphism of the base 
graph to be lifted, and as one of the applications, they gave a classification of all connected 
regular coverings of the Petersen graph with the covering transformation group Z7, whose 
fibre-preserving automorphism subgroup acts arc-transitively. 

In this paper, we use the same method to classify all the connected regular covering graphs 
of the cube satisfying the following two properties: (1) the covering transformation group is 
isomorphic to the elementary Abelian p-group; (2) the group of fibre-preserving automorphisms 
acts edge-transitively. 

The cube is identified with the graph I as shown in Figure (a). Fix a spanning tree T in 
T as shown in Figure (b). Let V; = {2,6,4,7,3,5}. Then the induced subgraph I'(Vj) is a line 


as shown in Figure (c). 
5 2 5 2 
NBs i 


Figure (a): the graph [; (b) a spanning tree T of T. 


Figure (c): the induced subgraph ['(V1) 
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First, we introduce five families of covering graphs I x g Z)) of cube I by giving a T-reduced 
voltage assignment ¢. Since ¢ is T-reduced, we only need to give the voltages on the cotree arcs 
(see Figure (c)). Let ¢ denote the transposition of a matrix. 


(1) =I x4 Zo, where ¢2¢6 = $47 = $35 = 1 and dag = o37 = 0, 


=. Xo Zp, where p= 3 or P= 1(mod 6), 26 037 a P46 $35 i+v=3 and 


X (2,1): 
X (p, 1): 








2 
P; 
47 = 0. 





oO 


(2) X (p, 2):=P Xo Ze where 26 = 37 = (0, 1), 46 = 35 = (1, 0) and par = (0,0). 


(3) X(p,3):= xg Z3, where ((¢26)’, (¢47)', (¢35)') = Isx3, d46 = (0,1,-1) and ¢37 = 


(io 
(4) X(p, 4):=T Xo sep where p = 3 or p= 1(mod 6), ((¢26)*, (d46)*, ($a7)*, (¢37)*) = [4x 
1—/-3 1+/-3 1-/-3 
and $35 = —5— 3 als = a) 


(5) X(p,5):=T xg Zp, where ((¢26)*, (46)", (b47)’, (637)’, (¢35)*) = Isxs. 


Now we state the main theorem of this paper. 


Theorem 1.1 LetI be a connected regular covering of the cube [ whose covering transformation 
group is isomorphic to Z; and whose fibre-preserving automorphism subgroup G acts edge- 
transitively on T. Then, T is isomorphic to one of the graphs in (1)-(5) listed above. Moreover, 
for the graphs X (2,1), X(3,1), X(p,2), X(p,3), X(3,4) and X(p,5), Aut(T) can be lifted, and 
so they are 2-arc-transitive; and for the graphs X(p,1) and X(p,4) for p = 1(mod 6), the 
subgroup isomorphic to A4x Zp can be lifted but Autl’ cannot, and so they are arc-transitive, in 


particular, all these five families of graphs are vertex transitive. 


§2. Algorithm for the Lifting 


In this section, we present the algorithm given by Du, Kwak and Xu [3], which deals with 
the lifting problem for regular coverings of a graph [ whose covering transformation group is 
elementary Abelian. 

Throughout this section, let be a connected graph and let r=. x Z, be a connected 
regular covering of the [. The voltage group Z;) will be identified with the additive group of 
the n-dimensional vector space V(n,p) over the finite field GF (p). Since I’ is connected, the 
number {(T) = |E(T)| — |V(T)| + 1 is equal to the number of independent cycles in I and it is 
referred to as the Betti number of T. 

Let V(T) = {0,1,...,|V(L)| — 1}. For any arc (7,7) € A(T), by ¢:,; we denote the voltage 
on the arc, which is identified with a row vector in V(n,p). An are (7,7) € A(T) is called 
positive (resp. negative) if i < j (resp. i > j). For each subset F’ in E(I), we denote the 
set of its arcs, positive arcs and negative arcs by A(F’), AT(F’) and A~(F), respectively, so 
that A(F) = At(F)U A-(F). In particular, if F = E(L), we prefer to use A([), AT(I) and 
A~ (LT) to denote A(F), At(F) and A~(F), respectively. Fix a spanning tree T in the graph 
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T and let Ey = E(T), so that |E(L) \ Eo] is the Betti number G(T) of the graph T. From 
now on, the voltage assignment ¢ is assumed to be T-reduced. By the connectedness of r, 
{$5 | (i,9) € AT(E(T) \ Eo)} generates the group Z?. Hence, we get n < G(T). 

Let FE, be a set of edges such that ¢4+(n,) = {¢i,3 | (i,7) € A*(E,)} is a basis for the 
vector space V(n,p), and let Fy = F(T) \ (Eo U Fy). Let 


|Eol| =k, |Fil=n and |Fo| =m, (1) 


so that the number of edges in T is k+n+™m. 

Let ®o (resp. ®; and ®2) be the kx n (resp. nxn and mx n) matrix with the row vectors 
i,j for the arcs (i,j) in At (Eo) (resp. A*(E1) and A*(£2)), according to a fixed order of the 
positive arcs. Since the row vectors of ®; form a basis for V(n, p), there exists an m x n matrix 
M, called a voltage generating matrix of ¢, such that 


©, = Mj. (2) 
Let 
Do 
O= ®; ) (3) 
Do 


which is a (k+n+m) xn matrix over GF(p), called a voltage (assignment) matrix corresponding 
to the voltage assignment ¢. If we take ¢4+(g,) so that ®y = 0 and ®; = Inyn, the nxn identity 
matrix, then ® is called a reduced form or a T-reduced form of the voltage assignment matrix 
®. From now on one may assume that ® is in a reduced form without loss of any generality. 

Let V = V(k+n+m,>p) be the (k +n + m)-dimensional row vector space over the field 
GF(p). Hereafter, we denote a vector v in V by (vo,v1, v2) € Zk ® Zy ® Zz", where the 
coordinates of the vector vo (resp. vi and v2) are indexed by arcs in At (Eo) (resp. At (EF) 
and At(F)), according to the same order of row vectors in ®j (®; and 2). 

Given a graph I, its spanning tree T, and a positive cotree arc (u,v), there is a unique 
path from v to u in T which is denoted by [v,--- , u]. We call the closed walk (u, [v,--- ,u]) the 
fundamental cycle belonging to (u,v), and denote it by C(u, v;T). There are n+ m fundamental 
cycles in T, where n + m is the Betti number of I. 

Given a graph [ and its spanning tree T, we keep the same order for positive arcs as the 
order of row vectors of the voltage matrix ®. For each positive cotree arc (u,v), let p“” be the 


U,U 


k-dimensional row vector over GF'(p) whose (i, j)-coordinate p;’;, indexed by the positive tree 


arc (1,7) of the given order is defined as follows: 
1 if (¢,7) isin C(u,v;T), 
Pi; =4 —1 if (Gd) isin C(u,v;T), (4) 
0 otherwise. 
Let P be the (n+ m) x k matrix whose row vectors are p“’”, indexed by the positive cotree 


arcs (u,v) of the given order. We call P the incidence matriz for the fundamental cycles of 
the graph I with respect to the tree T. 
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Now we state the algorithm for solving lifting problem for the connected regular coverings 
of a graph T whose covering transformation group is elementary Abelian. 


(1st) Choose a fixed spanning tree T in T and write down the arcs in At(Eo), A*t(E,) and 
A* (2) in a certain order so that 9 = 0, ®; = Inx» and ®2 = M. 


(2nd) Calculate the incidence matrix P for the fundamental cycles of [ with respect to T. 


(8rd) Assume that the voltage generating matrix M = (ai;)mxn, where the entries a,; are 
unknowns. Let A = ((—M,Imxm)P,-M,Imxm), whose columns are indexed by the 
arcs in At(Eo), A*(E,), At (£2) according to the given order. We call the matrix A 
the discriminant matrix for a lift of d. For convenience, we write Ap = (—M, Imxm)P, 
Ay = —M and Ag = Imxm, so that A = (Ap, Ay, Ag), as a block matrix. 


(4th) Let A = (--- ,¢;,;,---), where c;,; is the column indexed by (i,j) € A*(I). For a given 


o € Aut(L), let c7; =¢,,-1 jo-1, Where we assume that ¢;,; = —c¢j,; for any arc (i, 7). Let 
A’ = (-++ ,e%;, +++) for any (i,j) € AT(T), and let (A%)o, (A%)1 and (A’)2 denote the 


first, the second and the third blocks of the matrix A® respectively, as before. Then one 
can say that 


ao can be lifted = = (A’), + (A’)pM=0 = AT + ARM =0. (5) 


Proof of Theorem 1.1 


Let Eo = E(T) and E = E(T) \ Eo. Give an ordering for the arcs in At(E£o) and At(E) as 
follows: 
A* (Eo) = {15, 16,17, 25, 28, 38, 48}, 


At(E) = {26, 46, 47, 37, 35}. 


Give fundamental cycles in I as follows: 


C(2,6;T) = (2,6, 1,5, 2), 
C(4, 6; ses (4,6, 1,5, 2,8, 4), 
C(4,7;T) = (4,7, 1,5, 2, 8, 4), 
C(3,7; se CST 528.3), 
C(3,5;T) = (3,5, 2,8, 3). 


It is well-known that Aut([T) = S4 x Z. Take four automorphisms of T as follows: a = 
(243)(567), @ = (14)(23)(58) (67), 7 = (18)(27)(36)(45) and 6 = (23)(67). 

It is easy to check that M =< a, > is subgroup of Aut([) isomorphic to Ay, N =< 
M,7 > is subgroup of Aut(I) isomorphic to A,x Z2, and < N,6 >= Aut(I). Thus we have: 


(1) M can be lifted if and only if a and 6 can be lifted; 
(2) N can be lifted if and only if a, 6 and y can be lifted; 
(3) Aut(T) can be lifted if and only if a, 6, y and 6 can be lifted. 
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Since 3([) = 5, we get n < 5. If nm = 5, then T is nothing but X(p,5) and by [6, Theorem 
2.11], Aut(T) can be lifted. So, in what follows, we assume n < 5 and divide our proof into 
four cases for each n with 1 <n < 4. 


3.1 The Case of n=1 


Suppose that n = 1. Then K = Z, = V(1,p). Since the element (18)(25)(36)(47) of Aut(T) 
maps 2, 6, 4, 7, 3, 5 to 5, 3, 7, 4, 6, 2, respectively, without loss of any generality, we have the 
following three essentially different cases for the set Ey and Eo: 


(1) Ey = {26} and E2 = {46, 47, 37, 35}; 
(2) Ey = {46} and E2 = {26, 47, 37, 35}; 
(3) Ey = {47} and E2 = {26, 46, 37, 35}. 
Case (1): Ey = {26} and Ep = {46, 47, 37, 35}. 
In this case, the incidence matrix is: 


(1,5) (1,6) (1,7) (2,5) (2,8) (3,8) (4,8) 


Gey a ste CW etl le oe. 5D 
Gel 2 sf ay 4 0 vad 
P= (4,7)| 1 O°. wii ve Oe * seat 
(3,7) } 1 O°. <S- . ti aed. 00 
Gar 20% ho eh “ty ed 10 


Let D = (Do, Di, Dz) be the discriminant matrix with Do = (—M, l4x4)P, Di = (—M) 
and Dz = (4x4) with a voltage generating matrix M = (a,b,c,d)'. A direct computation gives 
that Do = (—M, I4x4)P is equal to 


(1,5) (1,6) (1,7) (2,5) (2,8) (8,8) (4,8) 





-a+l a-1 0 a-—1l 1 0 —1l 
Des —b+1 b -1 6-1 1 0 —1 
—c+1 Cc -1 c-l 1 —l 0 
—d d 0 d-1 1 —1l 0 
For an automorphism o of T can be lifted if and only if 
AY + AS M = (c26)” + (cagC47€37C35)° M = 0. (6) 


Inserting a = (243)(567) to (6), we have 
0 


I 


DY + DYM = (c26)° + (c4ag47037¢35)° M 


I 


(c35) + (C25€26C46C47) M 
a? —a-—abt+c 


ab—a—b?+d 


l| 


= (i,j). 


ac—a-— be 


ad—a-—bd+1 
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Inserting @ = (14)(23)(58)(67) to (6), we have 


° 
l| 


Dé + D§M = (c96)° + (cagea7c37¢35)°§M 
= (c¢37) + (c17¢16C26C28).M 

ab—b—ac+d 

—a+b?—be+d 





bd —cd+d 


Now assume that a and ( can be lifted. By ya; = 0, we distinguish two cases: (1) d = 0; 
(2) b—c+1=0. If (1) happens, by 74, = 0 and 21; = 0, we have a= 1 andb=c. But it 
doesn’t satisfy yo: = 0. If (2) happens, by yi1 = 0 , we have -a—b+d=0. By x21 = 0, we 
distinguish two subcases: (i) a— b+1 = 0; (ii) b = 0. If (i) happens, by (x,;;) = 0, we have 
that either a =c=0,b=d=1andp=2o0ra=d=2,b=0,c =1 and p = 3. If (ii) 
happens, we have c = 1 and a = d. By 21, = 0, we have a? —-a+1=0. Thus the solution of 

















(vi3) = (yz) =O are: a=c=0,b=d 1 and p= 2; ora=d = =¥=*,b=0,c = 1 and 








p=3or p= 1(mod 6). Or equivalently, 


My = (0,1,0,1)', p= 2; 


1 af— 


9 2 >) 


1+J/-3 
2 


Mo = ( \', p=3o0rp = 1(mod 6); 


1-~/-3 1—- V-3 
M22 = (—— 6.) p=3o0rp = 1(mod 6). 


By X(2,1), X(p,1) and X’(p,1), we denote the covering graphs determined by M1, Mo1 
and Moo, respectively. In particular, X(p,1) and X’(p,1) are the same one if p = 3. 


Inserting y = (18)(27)(36)(45) to (6), we have 


° 
I 


D] + DJM = (c26)7 + (c4647€37¢35)?M 


(c73) + (€53¢52C62C64)M 


I 





b—ab+ac—d 
7 b—b? + be 
> b—be+c?-1 

—a+b—bd+cd 


Clearly, the matrices M,, M2, and Mo satisfy this equation and y can be lifted, and so 
the group N can be lifted. 
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Inserting 6 = (23)(67) to (6), we have 


0 = Di +D$M = (ca6)° + (cascazes7¢35)° M 
=  (c37) + (ca7ca6c26c25)M 
b—ac+ad—d 
a—bc+bd—d 
-+cd—d+1 
—cd+ d—d 

Clearly, the matrix M, satisfy this equation and 6 can be lifted. But the matrices M2; and 
Mo. satisfy this equation and 6 can be lifted when p = 3. So, for graphs X (2,1) and X (3,1), 
Aut(T) can be lifted. 

Finally, we show that for p = 1(mod 6), the graphs X(p,1) and X’(p,1) are isomor- 
phic as graphs. Let V := V(X(p,1)) = V(X'(p,1)) = {(t;a) | 1 < i < 8, © GF(p)}. Let 
R= (=y5)_ and let ¢ = (18)(25)(36)(47) €Aut(T). Define a permutation T on V by 
(i;x)° = (i$; (x)R). A direct checking shows that Y is isomorphism from X(p,1) to X'(p, 1). 


Cases (2) and (3): By a computation similar to case (1), we can get the graph X(p,1) in 
case (2) and the graph X(2, 1) in the case (3). 


3.2 The case of n = 2,3, and 4 


In this subsection, the case n = 2,3, and 4 will be described briefly. 


Case n = 2. In the case, K = ZB = V(2,p). As before, without loss we may assume one of the 
following happens: 


(1) E, = {46,37} and E, = {26, 47, 35}; 
(2) E, = {26,46} and E2 = {47, 37,35}; 
(3) Ey = {26,47} and Ey = {46, 37, 35}: 
(4) E, = {26,37} and E, = {46, 47, 35}; 


(5) Ey = {26,35} and Ey = {46, 47,37}; 





(6) E, = {46,47} and Ey = {26, 37, 35}. 


For the case of (1), let 
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be a voltage generating matrix. Then a computation similar to case n = 1 gives that Aut(T) 
can be lifted if and only if a; = ag = bo = b3 and b; = a3 = 1. Accordingly, we can get the 
graph X (p, 2). 

In the Cases of (2), (3), (4), (5) and (6), the group M can not be lifted. 


Case n = 3. In this case, K = vip = V(3,p). Without any loss of generality, we may assume 
one of the following happens: 


(1) Ey, = {26,47,35} and Ey = {46,37}; 
(2) Ey, = {26, 46,47} and Ey = {37,35}; 
(3) Ey, = {26, 46,37} and Ey = {47,35}; 
(4) Ey, = {26, 46,35} and E = {47,37}; 


(5) E, = {46,47,37} and Ey = {26,35}; 





(6) E, = {26,47,37} and Ey = {46,35}. 


For the case of (1), one can show that Aut(I) can be lifted if and only if the voltage 


generation matrix 


Thus, we get the graph X (p, 3). 
In the case (2), (3), (4), (5) and (6), the group M can not be lifted. 


Case n = 4. In this case, K = Zz = V(4,p). Without any loss of generality, we may divide our 


discussion into mutually exclusive three cases as followings: 


Case (1): Ey = {26, 46, 47,37} and Ey = {35}. 
Let D = (Do, D1, D2) be the discriminant matrix with Do = (—M,hiyxi)P, Di = (—M) 
and Dz = (11,1) with a voltage generating matrix M = (a,b,c, d). 
The group Aut(T) can be lifted if and only if 
1— J/-3 1+ /-3 1-\V-3 


M, = ( ae. 5 at ), p=30rp = l1(mod 6); 


1++7-3 1 1-V-3 1+vV-3 
2 Peo 2 : 2 
By X(p,4) and X’(p, 4), we denote the covering graphs determined by M; and Mg, respec- 


M2 = ( ), p=30rp = l1(mod 6). 


tively. In particular, X(p,4) and X'(p,4) are the same one if p = 3. 


For p = 1(mod 6), the graphs X(p,4) and X’(p,4) are isomorphic as graphs. Let V := 
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V(X (p,4)) = V(X" (p, 4)) = {5 2,y,2,w) | 1 <i <8, 2,y,2,w € GF(p)}. Let 


cg —1 1 —C2 cg —1 
0 0 0 —1 
R= 
0 0 -1 0 
0 -1 0 0 


And let and let ¢ = (18)(25)(36)(47) €Aut(I’). Define a permutation Y on V by (i;2,y, z,w)* = 
(i$; (x,y, z,w)R). A direct checking shows that Y is isomorphism from X (p, 4) to X’(p, 4). 


Case (2): EF, = {26, 46,47, 35} and Bz = {37}, and {¢26, d46, 647 G37}, {h46, 647, O37 G35} are 
linear dependant, hence letting 
M = (0,b,c,0). 
Now, one can show that M cannot be lifted. 
By a similar computation, in case (3) , Ey = {26, 46, 37,35} and Fy = {47}, and the group 
M can not be lifted. 











Combining subsection 3.1 and 3.2, we finish the proof of Theorem 1.1. 
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Abstract: A Smarandache-Fibonacci Triple is a sequence S(n), n > 0 such that S(n) = 
S(n —1)+S(n— 2), where S(n) is the Smarandache function for integers n > 0. Certainly, 
it is a generalization of Fibonacci sequence. A Fibonacci graceful labeling and a super Fi- 
bonacci graceful labeling on graphs were introduced by Kathiresan and Amutha in 2006. 
Generally, let G be a (p,q)-graph and S(n)|n > 0 a Smarandache-Fibonacci Triple. An bi- 
jection f : V(G) — {S(0), S(1), S(2),...,S(q)} is said to be a super Smarandache-Fibonacci 
graceful graph if the induced edge labeling f* (uv) = |f(u) — f(v)| is a bijection onto the set 
{S(1), S(2),...,S(q)}. Particularly, if S(n), n > 0 is just the Fibonacci sequence Fj, i > 0, 
such a graph is called a super Fibonacci graceful graph. In this paper, we show that some 


special class of graphs namely F’, Cf, and See are super fibonacci graceful graphs. 


Key Words: Smarandache-Fibonacci triple, graceful labeling, Fibonacci graceful labeling, 


super Smarandache-Fibonacci graceful graph, super Fibonacci graceful graph. 


AMS(2010): 05C78 
§1. Introduction 


By a graph, we mean a finite undirected graph without loops or multiple edges. A path of 
length n is denoted by Py41. A cycle of length n is denoted by C,,. Gt is a graph obtained 
from the graph G by attaching pendant vertex to each vertex of G. Graph labelings, where 
the vertices are assigned certain values subject to some conditions, have often motivated by 
practical problems. In the last five decades enormous work has been done on this subject [1]. 

The concept of graceful labeling was first introduced by Rosa [6] in 1967. A function f is 
a graceful labeling of a graph G with q edges if f is an injection from the vertices of G to the 
set {0,1,2,...,q} such that when each edge uv is assigned the label | f(u) — f(v)|, the resulting 
edge labels are distinct. 

The notion of Fibonacci graceful labeling and Super Fibonacci graceful labeling were in- 
troduced by Kathiresan and Amutha [5]. We call a function f, a fibonacci graceful labeling of a 
graph G with q edges if f is an injection from the vertices of G to the set {0,1,2,..., F,}, where 


1Received November 1, 2010. Accepted February 25, 2011. 
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Fy, is the gq‘ fibonacci number of the fibonacci series F, = 1,F) = 2,F3 = 3, Fy = 5,..., such that 
each edge wv is assigned the labels | f(u) — f(v)|, the resulting edge labels are F), Fo,...,... Fg. 





An injective function f : V(G) > {Fo, Fi,..., Fy}, where F;, is the q‘" fibonacci number, is said 
to be a super fibonacci graceful labeling if the induced edge labeling | f(u) — f(v)| is a bijection 
onto the set {F), Fo,...,F }. In the labeling problems the induced labelings must be distinct. 
So to introduce fibonacci graceful labelings we assume F, = 1, Fy = 2, F3 = 3, Fy = 5,... 








, as 
the sequence of fibonacci numbers instead of 0,1,2,--- [3]. 

Generally, a Smarandache-Fibonacci Triple is a sequence S(n), n > 0 such that S(n) = 
S(n—1)+S(n— 2), where S(n) is the Smarandache function for integers n > 0 ([2]). A (p,q)- 
graph G is a super Smarandache-Fibonacci graceful graph if there is an bijection f : V(G) > 
{S(0), S(1), $(2),...,S(q)} such that the induced edge labeling f*(uv) = |f(u) — f(v)| is a 
bijection onto the set {.$(1), S(2),...,S(q)}. So a super Fibonacci graceful graph is a special 
type of Smarandache-Fibonacci graceful graph by definition. 


We have constructed some new types of graphs namely F, @ K},,, Cn ® Pm, K in@ Ki 2, 


l,m? 


Ff, ® Pm and C;, ® Kim and we proved that these graphs are super fibonacci graceful labeling 
in [7]. In this paper, we prove that Fy, Cf, and Sf, ,, are super fibonacci graceful graphs. 


§2. Main Results 


In this section, we show that some special class of graphs namely F%, Cf, and Sj, ,, are super 
fibonacci graceful graphs. 


Definition 2.1 Let G be a (p,q) graph. An injective function f: V(G) — {Fo, Fi, Fo, --- , Fa}, 
where F, is the q‘” fibonacci number, is said to be a super fibonacci graceful graphs if the induced 
edge labeling f*(uv) =|f(u) — f(v)| is a bijection onto the set {F 1, Fo,..., Fa}. 


Definition 2.2 The one point union of t copies of fan F, is denoted by F*. 


The following theorem shows that the graph F® is a super fibonacci graceful graph. 


Theorem 2.3 F! is a super fibonacci graceful graph for all n > 2. 


Proof Let uo be the center vertex of F! and ul, where 7 = 1,2,...,t, 7 = 1,2,...,n be 
the other vertices of F!. Also, |V(G)| = nt +1 and |E(G)| = 2nt —t. Define f : V(F‘) — 
{ Fy, Fy,...,Fy} by f(uo) = Fo, f(ul) = Pat, 1 <j <n. Fori = 2,3,...,t, fui) = 
Fon(i—1)42(j-1)—(i-2)) | S J <n. We claim that all these edge labels are distinct. Let Fy = 
{f*(ugu}):1<j <n}. Then 


Ey 


I 


{|f(uo) — f(u{)|:1<7<n} 

{|f(uo) — fur), [f(uo) — F(ut)|,---s|F (uo) — FUP), LF (uo) — Fut) /} 
{|Fo — Fil, |Fo — F3|,...,|Fo — Fan—sl,|Fo — Fon—1|} 

{F\, F3,..., Fon—3, Fon-1}. 


l| 


I 
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Let Ey = {f*(uludt*) :1<j<n-—1)}. Then 


Ey {|f(ui) — f(ud*)| : 1 <j <n-1} 
{|f (ut) — Fu LF (ut) — Fup), LF(uE77) — Fut), (F(a) — FD 
{|Fi — F3|,|P3 — sl,.--,|Fan-s — Fon-sl, |Fon—3 — Fon-1|} 


{ Fo, F4,..., Fan—a, Fon-2}. 





For 7 = 2, we know that 


Ez = {f*(uoud):1<j <n} ={lf(uo)- fd) :1<5 <n} 
= {|f(uo) — f(ua)|,1f(uo) — f(u3)|,---51f (uo) — f(ug*)1, [fF (uo) — f(s) 1} 
= {|Po— Fan, |Po — Fansal,..-,|Fo — Fan—a|, |Fo — Fan—al} 


{Fan, Fon+2, GHB 9 F4n—a, Fyn_-2}, 


Ey = {f'(uuy"):1<j<n-1 
= {If(uh)-— fg) :1 <5 <n- 
= {lf (uz) — f(ua)/, |f (ud) — Fwd), LA (ua7) — Fu) Fug) — F(ud) |} 
= {|Pan — Fonte, |Pante — Fangal,---,|Fan—6 — Fan-al, |Fan-4 — Fan—2|} 
= {Fonii, Fongas ss «5 Fans; Fan-3}. 








For i = 3, let Es = {f*(uoug) :1< 7 <n}. Then 


Es = {|f(uo) — f(u§)|:1< 7 <n} 
= {|f(uo) — f(u3)|,f(uo) — f(u3)|,---5|f (uo) — f(g 7) [fF (uo) — F(R) 1} 
= {|Fo — Fan-1|,|Fo — Fan+1|,.--,|Fo — Fen—s|,|Fo — Fen-s|} 


= {Pan-1, Fansi,.--, Fon—5, Fon—3}- 


Let Eg = {f*(ugugt*) 21 <j <n-—1}. Then 





Es = {If(u3)- fs )|:1<j<n- 
= {I Fw) — F(02)], 1 (03) — FL, LAE) — FOO, FY) — Fu) 
= {|Fan-1 — Fan+i|, |Fangi — Fan+s|,.--,|Fon 7— Fen 5|, |Fen 5 — Fen 3|} 


= (Fin; Fando, <++4fen-6s Pena} 


Now, fori =t—1, let Ey-1 = { f*(uoul_) :1<j <n}. Then 


Ey-1 


{lf(uo) — full: 1< 5 <n} 
{lf (uo) — f(usa)I |F (uo) — Fue aL |F(uo) — F(uPT I LF (uo) — F(a) 


{| Fo — Font—an—t+a|, |Fo — Font—an—t+45|,---,|Fo — Fant—2n—t-1|, |Fo — Font—2n—t41]} 








{Font—4n—t+3, Font—4n—t+5) +++; Fant—2n—t-1, Fant—2n—141}- 
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Let Fy. = {f*(ui_uit]) :1<j <n-—1}. Then 
Poa = {lf_y)—-f@ED:1s3<n-1} 
= {|f(uia) — Fuse [f(uia) — Fea 
[PF (URT) — FURL AF (WET) — Fuad 


= {| Fant—4n—t+3 _ Pont—an—t45|; | Pont—an—t+5 wv Pont—an—t+7|; 





a) | Pont—2n—t-3 iyat Font—2n—t-1|; | Pont—2n—t-1 = Font—2n—t+1|} 





== { Pont—4n—t+4; Font—4n—t+65 see » Font 2n—t—-2; Font 2n t}. 
Pigs 


fo Fog Fos Fas Foo Foz Fos 





Fua Fig Fio Fit Fio Fo Fs 


Fig.1 


For i =t, let E, = {f*(uoud):1<j <n}. Then 

Ey = {|f(wo)—f(u))|:1< 3 <n} 

{|f(uo) — f(uz)L [Ff (uo) — F(ue)|,-.-5|F(uo) — F(uP*)I, 

lf (uo) — fue i} 

= {|Fo — Font—2n-t+2|, |Fo — Font—an—t+4l,---,|Fo — Fant—t—2|, |Fo — Fant—t|} 


= {Font—on—t+2, Font—2n—144,---, Fant—t—2, Font—t}. 
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Let FE, = {f*(uludt*) :1< 7 <n-—1)}. Then 


Et 


{lf (wt) — fu): 1S ji <m—-1} 
{lf (ue) — Fue) Fue) — Fup) FUE?) — FUE YL FUE) — Fury] 


{| Font—2n—t4+2 — Fent—2n—1+44|, |Fant—2n—t+4 — Fant—2n-t+6\, 


.. + |Fant—-t—4 — Font—t—2|, |Font—t—2 — Font—«|} 





{ Font—2n—t+3, Font—2n—t4+5)+ ++; Fant—t—3, Fant—t-1}- 


Therefore, EF = Fy U FauU,...,UE;-1U Ey = {Fi, Fo,..., Fonz_t} Thus, the edge labels are 
distinct. Therefore, F;! admits super fibonacci graceful labeling. 














For example the super fibonacci graceful labeling of Fj} is shown in Fig.1. 


Definition 2.4 The one point union of t cycles of length n is denoted by Cé.. 
Theorem 2.5 C* is a super fibonacci graceful graph for n = 0(mod3). 


Proof Let uo be the one point union of t cycles and uy, u2,...,U¢(n—1) be the other vertices 
of Cf. Also, |V(G)| = t(n— 1) 4+ 1,|E(G)| = nt. Define f : V(CL) > {Fo,F.,..., Fg} by 
f(uo) = Fo. For i= 1,2,...,t, f(Um—1@—1 4-141) = Pri—ni-1)-2G-), 1S 7 < 2. For s= 
1,2,+++, 38, ¢=1,2,...,¢, f(ugn—ayG—1y4y) = Frt-1—n(i-1)-2(j-s—2)4(0-1)) 88 Sj < 384-2. 
Next, we claim that the edge labels are distinct. 





We find the edge labeling between the vertex uo and starting vertex of each copy of 
(if 1) G3) 44) Let Ey = { f* (Wot(n—1) (4-1) +41) :1 < a < th. Then 


Fy = {|f(uo) -— flum-no-p+4)|:1<7< 
= {lf(uo) — f(ur)|, |f(uo) — Fun), ---,F(uo) — f(Unt-2n—t4s)], 
|f(uo) — f(unt—n—t+2)|} 
= {|Fo — Fuel, |Fo — Frt—_n|,---,|Fo — Fan|, |Fo — Fn} 
=) {Pts Pri iyes 2y Fons lat 


Now we determine the edge labelings between the vertex ui,_1)(i-1)41 and the vertex 
U(n—1) (6-1) 42 of each copy. Let Ey = { f* (un 1) (6-1) 41U(n—1) (4-14 9g): 1<i<t}. Then 





By = {lf(um—1G-y+1) — fm—1nG-+2)| : 1 St < t} 
= {|f(ur) — flue), [Flun) — Fungi), + 
|f (Unt—2n—t43) — f (Unt—2n—t+4)|5|f(Unt—-n—t42) — f (Unt—n—t+3)]|} 
= {|Fre— Fre-2|,|Pat-_n — Fat—-n-2|,---;|Fan — Fon—2|,|Fn — Fra—al} 
= {FPre-1, Pat—n-1;--- Fan—1, Fn—1} 





We calculate the edge labeling between the vertex un_1)(;—-1) +2 and starting vertex U(n—1)(i—1)+3 
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of the first loop. Let Es = {f* (un 1)(i-1)4 2U(n 1)(i-1)4 3) a | SS a < th. Then 





Ey = {|f(um—1yG- +2) — flum—nG-14s)| 1 St < t} 
= {|f(u2) — f(us)|, |f(un41) — f(un+2)| [f(uan) — f(uan41)|s +++ 
| f (nt—2n—t-44) — f (Unte—2n—t45)|,|f(Unt—n—t43) — f(Unt—n—t+4)]|} 
= {|Fre-2 — Fat-1|, |Fnt-n—2 — Fnti—n-1|, |Ent—2n—2 — Fnt-2n-1|, 
..+5|Fan-2 — Fan-1|,|Pn—2 — Frn-il} 
= {Frt-s, Pat—n—3, Fnt—2n—3;---) Fon—3, Fn—3}- 














t 
Now, for s = 1, let 4 _ U {f* (un 1)(i-1)4-j U(n—1) (i-1) 4-74 1) 23 < j < 4}. Then 
i 


C 


4 = i= {If (m—1)@—-1) 45) <. f(un—1) (6-1) 45-41) | 38< 5 <4} 
= {|f(us) — f(ua)|,|f(ua) — f(us)|} 
U{|f(Un+2) — f(Un+s)||f(un43) — f(un+4)[}U, «+, 
U{|f(Unt-2n—t+5) — f(Unt-2n—t+6)], [f(Unt—2n—t46) — f (Unt—2n-t+7)]|} 
U{|f(Unt-n—t+4) — f (Unt—n—t45)|) | f(Unt—n—t45) — f(Unt—n—t+6)|} 
= {|Fnt-1 — Frt-al, |Fnt-3 — Fre-sl} 
U{|Pre-n—1 — Frt-n—sl, |Pnt-n—3s — Fnt—n—s|} 
U,...,U{|Fan—1 — Fan—3|,|Fon—3 — Fon—s|} 
U{|Fn—-1 — Fr—sl,|Fn-3 — Fn—sl} 
= {Frt—a, Fat—a} U {Pat_n—2, Frti-n—4}U,---, 
Uf{ Fon—2, Fan—a} U {Fn—2, Fn—a} 


























For the edge labeling between the end vertex (u(n—1)(:—-1)+5) of the first loop and starting 
vertex (U(n—1)(¢-1)+6) Of the second loop, calculation shows that 


Ex = {lf @—yG-1 45) — f(um—y@-146)|: 1S t < } 
= {|f(us) — f(us)|, |flun+a) — f(Unts)|,-+ + 
| f (nt—2n—t+7) — f (Unte-2n—t+8)|, |f(Unt—-n—t+6) — f (Unt—n—t+7)]|} 
= {|Frees — Frt—al, |Fre-n—s5 — Frt—n—al,---,|Fon—5 — Fon—a|,|Fn—s — Fn—a|} 
= {Fri-o6, Put—-n—6,---; Fan—6, Fn—o6} 











For s = 2, let Es = UP Str ae, 1)(i-1) +i U(n 1)(i-1)4+j4 1) :6 x j < 7}. Then 
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Ey = Vin {If (u(n—1) (6-1) 45) = F(u@—1) 6-1) 4541) :6< 795 7} 
= {|f(u6e) — f(u7)|,|f(ur) — f(us)|t 
U{|f(un4s) — f(Un+e)||f(un+6) — f(Un+7)[JU, «++, 
U| f (Unt—2n—t+8) — f (Unte—2n—t+9)|, | f(Unt—2n—-t4+9) — f(Unt—2n-t+10)|} 
U{|f(Unt—-n—t+7) — f (Unt—n—t+8)|) |f(Unt—n—t+8) — f(Unt—n—t+9)|} 
= {|Frt—4— Freel, |Pne-6 — Fnt—al} 
U{|Pre-n—4 — Frt—n—6l, |Pnt-n—6 — Fnt—n—s|} 
U,...,U{|Fan—4 — Fan—e|, |Fan—6 — Fon—s|} 
U{|Fn—4 — Fr—e6l, |Fn-6 — Fn—sl} 
= {Frt-s, Put—7} U {Pat—_n—s, Fni-n—7}U,---, 
U{ Fon—s; Fan—7} U {Fr—s, Fn—7} 


























Similarly, for finding the edge labeling between the end vertex (u(m—1)(-1)+8) of the second 
loop and starting vertex (u(m—1)(¢-1)49) of the third loop, calculation shows that 


Es = {f(um—1i- +8) — f(um—1ya-1)49)| 1 1 Si < tf 
= {|f(us) — f(uo)|,|f(unt7) — f(unts)|s--- 
| f(Unt—-2n—t+10) — f(Une-2n-t411)|, [f(Unt-n—-t49) — f(Unt—n—t+10)|} 
= {|Frut—s — Fre—7|,|Fat—n—s — Fat—n—7|,---,|Fan—a — Fon—7|, 
|Fn—s — Fn—z|} 
= {Frt-9, Fat—n-9,---; Fan—9, Fn_-g}, 








n—3 ; 
For s = aa 1, let Bn-g_y = Vier {f* (Um a—1) 45 4(n—)G-1) 441) 12 -— 6 Sj Sn 5B}. 
Then 


En-3_4 = VURiflf(m—ya—143) — fte_ne-v4j4i)lin—6< 7 <n 5} 
= {|f(un—6) — f(Un—s)|,|f(Un-5) — f(un—a)|} 
{|f(Wan-7) — f(u2n—6)|, |f(uan—6) — f(tan—s)|fU,---, 
U{|f(Unt-n—t-4) — f (Unt—n—t—3)| |f (Unt—n—t-3) — f (Unt—n—t—2)]|} 
U{| f(Unt-t-5) — f(Unt—t—4)|, |f(Une-t-4) — f(Unt-t-3)|} 
= {|Fre-nts — Frt-n+6l,|Fnt-n+6 — Fre-ntalt U {|Prt-2n+8 — Fre-2n+6l; 
Fnt—2n+6 — Fnt—an+a|}U, -.-,U{|Fn+s — Fntel, |Fnt6 — Fn+alt 
U{|Fs — Fel, |Fe — Fal} 
= {Frt-nt7, Frt-n+5} U {Frt-2nt7, Pnt-ant5}u,..-,U{Fr+7, Pints} 
U{ Fy, Fs} 


C 

















66 R.Sridevi, S.Navaneethakrishnan and K.Nagarajan 


We calculate the edge labeling between the end vertex (u(n—1)(i—1)4n—4) Of the (454 — 1)” 
loop and starting vertex (u(n—1)(i-1)4n—3) Of the (454)"" loop as follows. 


Enos, = {|f@—nG-pin—4) — fUm=G-1)4n-3)| 2 Xt < 8} 
= {lf(un—4) — f(Un-s)|,|f(Uan—s) — f(uan-a)|,-- 
| f (Unt—n—t42) — f(Unt-n—t-1)], [f(Unt-t—3) — f (Une-t-2)|} 
= {|Fre-nt6 — Fre—nts|,|Fnt-onta — Frt-2ntsl,---s 
|Fn+4 — Fr+s|,|Fs — Fs} 








= {Fat—_nt4, Pat—-an+3; - .., Fn+3, £3} 


n . 
For s = ——, let En-3 = WF Wmeneanagin-anijgy) 3 SS 2} 
i=1 





Fos = Vieitlf(u@-po-nsy) — F(um—1u—-4j41)| 12-3 <j <n— 2} 
= {lf(un-s) — f(Un-2)|, |f(Un-2) — f(un—1)|} 

U{| f(u2an—4) — f(Uan—s)|, [f(Uan—3) — f(Uan—2)|}U,---, 

Ulf (unt-n—t-1) — f(Unt-n—t)|, |f(Unt-n—t) — f (Unt-n—t41)|} 

U{| f(Unt—-t-2) — f(Unt—t-1)], | f(une-t-1) — f(Une-t)|} 

= {|Frt-nts — Frt-ntsl, |Pnt-nts — Fnt-n4il} 

U{| Freants — Freon+al, |Pneanes — Prtsansil}Us..», 

U{|Fn45 — Fr+al,|Fnt3 — Fr+il} U {(|Fs — F3|,|F3 — Fil} 

= {Frte—nt4, Fat—-n+2} U {Pat—2n+4; Fnt—ant2}U,---, 

U{ Fria, Pato} U {Fu, Fo} 


C 




















Calculation shows the edge labeling between the end vertex (u(m—1) (1) +n—1) Of the (452)"4 


loop and the vertex ug are 


EX = {|f(um-1G-1)+n-1) — f(uo)| 2 1 <i < t} 
= {|f(un-1) — f(uo)|, |f(u2en-2) — f(uo)|,---; 
| f (Unt—n—t41) — f(uo)|, |f(une-e) — f(uo) |} 
= {|Fatensa — Fol, |Pat—onai — Fol, +5 |Fngi — Fol, |i — Fol} 
= {Fre—-nti, Fat-ontgi,---) Pati, fi}. 


Therefore, 


E = (E,UEyU,...,UEn=2)U (Ej U E5U,...,UEn—3_,) UE" 
3 
= {BY Pose. Pina f 














Thus, the edge labels are distinct. Therefore, C!, admits a super fibonacci graceful labeling. 
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Ces 


Fe Fr Fg Fe Fy Fs Fo Ito Fir Pio Fis Fia Fi2 Fiz 





iy F3 Fh Fa F3 Fo fig Fiz fie Fis Fi7 Fie Fis 


Fig.2 
For example the super fibonacci graceful labeling of C3 is shown in Fig.2. 


Definition 2.6([4]) Let Sm» stand for a star with n spokes in which each spoke is a path of 
length m. 


Definition 2.7 The one point union of t copies of Sm n is denoted by ee 


Next theorem shows that the graph S$%, ,, is a super Fibonacci graceful graph. 


mn 


Theorem 2.8 S*,, is a super fibonacci graceful graph for all m,n, when n = 1(mod3). 


m,n 


Proof Let vg be the center of the star and vi, a= 1,2,...,mt, 7 = 1,2,...,n be the 
other vertices of Sj, ,. Also, |V(G)| = mnt + 1 and |E(G)| = mnt. Define f : V(Sf,n) > 
{Fo,Fi,..., Fg} by f(vo) = Fo. Fort = 1,2,...,mt, f (vi) = Fain G- es lS JS 2: 
For i = 1,2,...,mt, F(vi) = Frant—(2j-n—1)-n(é-1)) M-1 <j <n. For s = 1,2,..., 254, 
VE 125 cyt 
f (v3) = Finnt—1—n(i—1)—2(j-s—2) +(s—1) 88 < J < 38+2. We claim that all these edge labels are 
distinct. Let Ey = {f*(vovj) :1<i< mt}. Calculation shows that 





Ey = {|f(vo) — fvi)|: 1 <i < mt} 

= {|f(vo) — f(wp)|,1F(vo) — Fr7)|, -- «5 [F(v0) — FOP DL, 
|f(vo) — for) 
= {|Fo -— Finntl,|Fo — Pimnt—n|,---;|Fo — Fon|, |Fo — Fn} 
= {Frnt Fmnt—n,---, Fan, Fn}. 





Let Eo = {f*(viv}) :1<i< mt}. Then 


Ey = {If(vi)— sO) :1 <i < mt} 
= {lf(vr) — Fv2)| F(T) — Fea) IFO ™) — FOP), 
For") — FOP) 
= {|Fimnt — Fimnt—2|,|Fmnt—-n — Fimnt—n—2|, +++) |Fan — Fan—al,|Fn — Fn—al} 
= Sn Po ays ay pe Pa} 
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For the edge labeling between the vertex v} and starting vertex v} of the first loop, let 
E3 = {f*(vivuh) : 1 <i < mt}. Calculation shows that 


Es 


{| f(v) — f(vg)| 1S t < mt} 

{If (v2) — F(v3)/ LF (72) — F(Z), LF) — FOS), 
f(vz"") — f(vs") |} 

{|Finnt—2 — Finnt-1|, |Fimnt—n—2 — Fmnt—n-1],--->|Fan—2 — Fon-1), 
|[Fn—2 — Fr—i|} 

dP ae ap Pad a aynssg Hons: Pao hs 


For s = 1, let Ey = U4 {f*(viuj.4) :3< 9 <4}. Then 


4 


C 


MIF (e}) — fj 23 <5 < 4} 

f (v3) — Fay), LF (wa) — Fos )1F 8 {LF (3) — FDI LF 2) — £3)3 
pee FO y= FOR jist a rf 

Uf FT") — FOP LF(oP") — Fv) |} 

{|Fmnt—1 — Fmnt—3|, |Fmnt—3 — Fnte—sl} 

U{|Fimnt—n—1 — Finne—n—al, |Fimnt—n—3 — Fmnt—n—sl} 

U,..., U{|Fan—1 — Fan-3|,|Fon—3 — Fon—s|} 

U{|Fn—-1 — Fr—sl,|Fn-3 — Fr—sl} 

{Finnt—2; Pimnt—a} U {Fimnt—n—2) Pmnt—n—4}U,..-,U{Fan—2, Fan—a} 
U{F,-2, Fn—a}. 


a 


C 

















We find the edge labeling between the vertex v} of the first loop and starting vertex vj, of 
the second loop. Let Ej = {f*(viu) :1<i< mt}. Then 


{|f(v5) — f(vg)| : 1 <i < mt} 

{\f (vs) — F (vB) | 1F (03) — F(eB)I [F(R *) — FO), 
f(s") — Fe) |} 

{| Fania = Fyand ly |antone® — Part ois <y Ponce — Fons 
|Fn—5 — Fr—a|} 

{Finnt—6; Pmnt—n—6;---, F2n—6, Fn—o}- 


For s = 2, let Es = UM {f*(viuj.4):6 <9 <7}. Then 
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Es = UPA{|f (v4) -— flvjya)] 26 <5 < 7} 
= {If(ve) — f(v7)|, Fez) — F(va dl} U {IF (8) — Fv), IF (7) — f(v8) 1} 
Ug eee gees {LF(Ug*) — FOR), [FoR *) — FOR?) |} 


Uf|F(v6") — FOP) AFT) — FoR) |} 

= {|Finnt—4— Finne—cl,|Fmne—6 — Fmne—al} U {|Fimnt—n—4 — Fimnt—n-—cl, 
Finnt—n—6 — Fimnt—n—s|}U,---,U{|Fan—4 — Fon—el, |Pan—6 — Fon—sl} 
U{|Fn—4 — Fr—6l,|Fn—6 — Fn—sl} 

= {Fint—s, Finnt_7} U {Fint—_n—5, Fmnt—n—7}U,...,U{Fon—s, Fan—7} 
U{Fn—s; fn—7}- 














Let Es = {f*(vgv) : 1 <7 < mt}. Calculation shows that the edge labeling between the 
vertex vg of the second loop and starting vertex vj of the third loop are 


Es; = {|f(vg) — f(vg)|:1 <i < mt} 
= {lf(vs) — F(a) | |f(8) — Fea), ---s |F (wR) — Flos), 
|f (vg?) — F (vs) |} 
= {|Fmnt—s — Finnt—7|,|Fimnt—-n—s — Fimnt—n—7|, +++ 
|Fon—3 — Fan—7|, |Fn—s — Fn—7|} 
= {Frnt—9, Pmnt—n—9,---; F2on—9; Fn—g}- 





ie 1, let Bn. = UM {f* (vjuig1) in -—7< 5 <n-6}. Then 


& 
3 
| 
rs 

| 
C 


ullf(%) — Fj) in — 7S 5 Sn — 6} 
= {lf(@n—7) — F(vn—e)b |f (ene) — f(n—s)|} 

UL f(Un_7) — fens) |F (one) — F(vn—s)I} 

Uy SULIF (OR 7") — Fonte IL [Fonte ) — fens D1} 
UL] f nz) — fn) |f ne) — fens} 


md { Eimnt—n+9 = Finnt—n+7|; |Finnt—n-+7 a Finnt—n+5|} 





U{ Fmnt—2n4+9 = Prant—2n+71; |Pant—2n-+7 _ Frant—2n-+5| } 
ee »U{|Fn+9 a Fr+7|, [Fn47 ~ Fr+s\|} 
Ut |e = Pel. ee— Bef 





= {Finnt—n+8; Finnt—n+e} U {Fimnt—2n+8, Finnt—2n+6 }U, re) 
U{ Fria, Pnte} U (Fs, Fe}. 








Similarly, for the edge labeling between the end vertex vi,_; of the (2 — 1)* loop and 
starting vertex vj,_4 of the (434)"@ loop, let Eh_a_, ={f*(vi_svp_a) 1 1 <i < mt}. Calcula- 
3 
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tion shows that 


Ba, = {Ifo 


“3 


n—5) — f(Yn_a)| 1S % < me} 
= {f(tn—s) — fra |Fen— oe SOp aware 
Fe SOs ltrs) = fOr alt 
= {|Fmnt—-n+5 — Fmnt-ntel, |Fmnt-2n+5 — Fimnt-2n+6l,-+ +; 
[Fn+5 — Frel,|¥5 — Fel} 


= {Finnt—n+4; Finnt—2n+4) re) Pri, Fy}. 


n— 
Now for s = 





mt J 4 
, let Ena = U {f*(vjvjga) in -4< 9 <n— 3}. Then 
i=1 


Ena = Uniti f() — fej) sn -45 5 Sn —3} 

= {Ifa — Fr—a)||f(n—s) — f@n—a)l} 

ULI f(Un—4) — fms) LF wna) — F(vn—2) |} U 

rene (FORA) — FOES )L Fea) — Fema Nh 
Uf] fons) — Fons) L |For es) — fwn2) |} 


Z { Finnt—n+6 = Finnt—n+4l; |Prant—n+4 _ Frnnt—n+2\} 





Uf Finnt—2n+6 _ Finnt—2n-+4I; |Prant—2n-+4 _ Frnnt—2n+2\} 
U,.--,U{|Fri6 — Frys |Pn+4 — Fatal} 
U{|Fe — Fal, |F4 — Fol} 





= {Fnt—n+5, Fmnt—nts3} U {Fimnt—2nt5, Fimnt-2nt3}U,---5 
U{Fn+5; Fra} U {F5, F3}. 

We find the edge labeling between the end vertex v},_» of the (4+ 4)r4 loop and the vertex 
vi_1- Let ET = {f*(vi_gvt_1):1<7< mé}. Then 

EY = {|f(vn—2) — F(up_a)]: 1S i < mt} 
= {|f(vn—2) — fvn-1)/ LF (on—2) — Fon-b FOS") — FORT), 

If (Un 2) — Flom) 
= {|Fimnt—n+2 — Fimnt—n+3|, |Fmnt—2n+2 — Fimnt-2n+3|, +++ 

Fn+2— Fr+sl,|f2 — Psi} 


=z {Finnt—ntiy) Pmnt—2n41)---, Engi, Fi}. 











Let ES = {f*(vi_,v'):1<i< mt}. Then 


EX = {|f(tn-1)— f(en)l 1 <i < met} 
= {fez a) T@ i Ga) =F OD ews 
fom Y= FOP FOE) = FORM 3 

= {|Finnt—n43 — Finnt—n4i|, |Fmnt—2n43 — Fimnt—antil, 
[Fn43 — Frail, [Ps — Fil} 


= {Finnt—n42; Finnt—2n+2) a) Fn+2, Fy}. 
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Therefore, 
Eo= (BE, UERU,...,UEn-4)U (Ey U Egu,...,UEp_4_,)UBTU Ej 
3 
= {F, Fo,..-,Fmnt} 
Thus, Sj, , admits a super fibonacci graceful labeling. 


For example the super fibonacci graceful labeling of S37 is shown in Fig.3. 


Igo Far Fao F'39 Far Fao F39 Fag P37 F'36 F383 F37 36 


ie Hs Weg les Pio Fad Peg. Poors $30 Boy: Fer iy Fo9 
P35 
Fo 
Fag 
By Fie es far te Fas 227 Foe £35 Fog h33 Fon 424 Fag Fo 
F, Fa Foy 
Fe Fig 20 
Bs Fp Fig 
Fa Fis 18 
Fe Fi3 Fo 
Fs Fiz 19 
Fy Fuss Fig 
F3 Fro 17 
Fy fy Fig 
Fy Fe 15 
P te Fiz 
Fo F9 16 
F, Fx Fis 
Fig.3 


Theorem 2.9 The complete graph Ky, is a super fibonacci graceful graph if n < 3. 


Proof Let {vo,1,...,;Un—1} be the vertex set of K,. Then v;(0 < i < n— 1) is adjacent 
to all other vertices of K,. Let vg and v; be labeled as Fo and Fy respectively. Then v2 must 
be given Fj_1 or Fg_2 so that the edge vi v2 will receive a fibonacci number Fy_2 or Fy_1. 
Therefore, the edges will receive the distinct labeling. Suppose not, Let vg and v; be labeled as 
F, and Fy or Fo and Fy_2 respectively. Then vg must be given Fy_; or Fy_2 so that the edges 
Uov2 and v1v2 will receive the same edge label Fy_2, which is a contradiction by our definition. 











Hence, K,, is super fibonacci graceful graph if n < 3. 
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Abstract: This paper provides a characterization for surface embeddability of a graph 
with any given orientable and nonorientable genus not zero via a method discovered by the 


author thirty years ago. 
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§1. Introduction 


A drawing of a graph G on a surface S is such a drawing with no edge crosses itself, no adjacent 
edges cross each other, no two edges intersect more than once, and no three edges have a 
common point. A Smarandache \*-drawing of G on S$ is a drawing of G on S$ with minimal 
intersections \°. Particularly, a Smarandache 0-drawing of G on S, if existing, is called an 
embedding of G on S. Along the Kurotowski research line for determining the embeddability 
of a graph on a surface of genus not zero, the number of forbidden minors is greater than a 
hundred even for the projective plane, a nonorientable surface of genus 1 in [1]. 

However, this paper extends the results in [3] which is on the basis of the method established 
in [3-4] by the author himself for dealing with the problem on the maximum genus of a graph 
in 1979. Although the principle idea looks like from the joint trees, a main difference of a tree 
used here is not corresponding to an embedding of the graph considered. 

Given a graph G = (V,£E), let T be a spanning tree of G. If each cotree edge is added 
to T as an articulate edge, what obtained is called a protracted tree of G, denoted by T. An 
protracted tree T is oriented via an orientation of T or its fundamental circuits. In order to 
guarantee the well-definedness of the orientation for given rotation at all vertices on G and 
a selected vertex of T, the direction of a cotree edge is always chosen in coincidence with its 
direction firstly appeared along the the face boundary of T. For convenience, vertices on the 
boundary are marked by the ordinary natural numbers as the root vertex, the starting vertex, 
by 0. Of course, the boundary is a travel on G, called a tree-travel. 

In Fig.1, (a) A spanning tree T of K5(i.e., the complete graph of order 5), as shown by 
bold lines; (b) the protracted tree T of T. 


lReceived December 25, 2010. Accepted February 22, 2011. 
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Fig.1 
§2. Tree-Travels 


Let C = C(V;e) be the tree travel obtained from the boundary of T with 0 as the starting 
vertex. Apparently, the travel as a edge sequence C = Ce) provides a double covering of 
G = (V, E), denoted by 


C(V; e) = OP 41 Vix Pi, ig Vig P; Vit Ey if vit Pix 260 (1) 


25by yore 


where € = |E|. 

For a vertex-edge sequence @ as a tree-travel, denote by [Q]eg the edge sequence induced 
from Q@ missing vertices, then Cog = [C(V;e)]eg is a polyhegon(i.e., a polyhedron with only one 
face). 


Example 1 From T in Fig.1(b), obtain the thee-travel 


C(V;e) = 0Po,g0Ps,140Pi4,180Pisg,200 








where VO U8 U14 V18 U20 O and 





Pog = ala2a~'18387"1y4y~11a7?; 
Pia = b2636~124~'207?; 
Prag = 30407137"; 


Pig.20 = d4d7'. 


For natural number i, if avja~! is a segment in C, then a is called a reflective edge and 


then v;, the reflective vertex of a. 
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Because of nothing important for articulate vertices(1-valent vertices) and 2-valent vertices 
in an embedding, we are allowed to restrict ourselves only discussing graphs with neither 1- 
valent nor 2-valent vertices without loss of generality. From vertices of all greater than or equal 
to 3, we are allowed only to consider all reflective edges as on the cotree. 

If vj, and v;, are both reflective vertices in (1), their reflective edges are adjacent in G and 
Jeg [Ps 
then the transformation from C' to 


Uy = Vi, and Vy, = Viz, [P, 


Diese Jeg = 9, but neither vy nor vy, is a reflective vertex, 


#4 .%5 


A C(V; e) = OPo i Viz Pip if, Vig Pig i Ui Pe a3 Vis Piz 00. (2) 


Viz Vig 
is called an operation of interchange segments for {v;,, Vig }. 


Example 2 InC = C(V;e)) of Example 1, vg = 2 and v4 = 3 are two reflective vertices, their 


reflective edges a and 3, vg = 2 and v15 = 3. For interchange segments once on C’, we have 
A230 = 0Po,22Po,153P4,92P2,43P15,200 (= C1). 
where 


Po,2 = ala (= P1,0,2); 

Pos = 6357'24\~12b710c3 (= Pi.2,8); 
Pag = 8 *1y4y"*1a7*062 (= Pi,8,13); 
Pre =O 18 (= Prasas): 

P15,20 = 0407 *3c~'0d4d~" (= Py:15,20). 


Lemma 1 Polyhegon A,,,,Ceg is orientable if, and only if, Ceg is orientable and the genus 


of A Cog is exactly 1 greater than that of Cog. 


Viz Vig 


Proof Because of the invariant of orientability for A-operation on a polyhegon, the first 
statement is true. 
In order to prove the second statement, assume cotree edges a and @ are reflective edges 


at vertices, respectively,v;, and v;,. Because of 


(ue = Aad BBB" CDE 


where 
Ace = Py sles sd BO = [Piles 
BCS [Piz,it legis D = [Pi i leg: 
E = [Pi icles, 
we have 
Avi, viz Cog = ADB *Ca™ BBE 


~top ABCDEaba—'3~', (Theorem 3.3.3 in [5]) 
= Cega 3a *B~* (Transform 1, in §3.1 of [5]). 
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Therefore, the second statement is true. 





If interchange segments can be done on C’ successively for k times, then C is called a k-tree 
travel. Since one reflective edge is reduced for each interchange of segments on C and C has at 
most m = |3/2| reflective edges, we have 0 < k < m where 3 = G(G) is the Betti number(or 
corank) of G. When k = m, C is also called normal. 

For a k-tree travel Cy(V;e,e~+) of G, graph Gy, is defined as 


k 


Gu =T (JlEret (|) Er — > fej, }] (3) 


j=l 


where T is a spanning tree, [X] represents the edge induced subgraph by edge subset X, and 
e € Erxet, e € Ep, {e;,e;} are, respectively, reflective edge, cotree edge, pair of reflective edges 
for interchange segments. 


Example 3 On C; in Example 2, v1,3 = 3 and v1.5 = 4 are two reflective vertices, v1.3 = 3 
and v1.19 = 4. By doing interchange segments on C1, obtain 


A340, = OP1;0,103P1:17,194-P1.12,153P1;10.124P1;19,200 (= C2) 


where 





P1.0,10 = @1a2b~10c38~*1y4y~"1a~'0b26(= P».0,10); 
Prizig9 = ¢ '0d(= Po:10,12); 
Pryaa7 = a *2a7"1930407*(= Po,12,17); 
P\;19,12 = 67 '2A(= Po;17,19); 
Pi 19,20 = d~ (= P2,19,20). 

Because of [P2,6,16]eg M [P2:12,19]eg x 0 for V2:12 = 4 and V219 = A, only V2.6 = 4 and 
v2:16 = 4 with their reflective edges y and o are allowed for doing interchange segments on C. 
The protracted tree T in Fig.1(b) provides a 2-tree travel C’, and then a 1-tree travel as well. 

However, if interchange segments are done for pairs of cotree edges as {3,7}, {6,A} and 
{a,c} in this order, it is known that C is also a 3-tree travel. 

On C of Example 1, the reflective vertices of cotree edges @ and ¥ are, respectively, v4 = 3 
and vg = 4, choose 4’ = 15 and 6’ = 19, we have 


AaeC = OP1,0,43P1:4,84P1:8,173P1:17,194P1,19,200(= C1) 
where 


Pi.0.4 = Poa; Pisas = Pis.i9; Pi:s17 = Pes; 


Pi.17,19 = Paes P1:19,20 = Pi9,20- 


On C, subindices of the reflective vertices for reflective edges 6 and X are 5 and 8, choose 
5/ = 17 and 8 = 19, find 


A5,8C) = 0P2,0,53P2;5,74P2:7,163P2,16,194P2:19,200(= C2) 
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where 


P2912 = Pi.o12; Pe1214 = Pi;17,193 Pa4i7 = Pisi4,173 
Po17,19 = Pi;12,14; Pe19,20 = P1:19,20- 


On C2, subindices of the reflective vertices for reflective edges a and o are 2 and 5, choose 
2' = 18 and 5’ = 19, find 


As, 3C2 = 0P30,23P3;2,34P3.3,163P3,16,194P3,19,200(= C3) 
where 


P3.9,.2 = Po.0,2; Pe:2,3 = Poi8.19; P3:3,16 = P2518; 


P3.16,19 = Po;2,5; P3:19,20 = Pe;19,20- 


Because of 3(K5) = 6, m = 3 = [3/2]. Thus, the tree-travel C is normal. 

This example tells us the problem of determining the maximum orientable genus of a graph 
can be transformed into that of determining a k-tree travel of a graph with & maximum as shown 
in [4]. 


Lemma 2 Among all k-tree travel of a graph G, the maximum of k is the maximum orientable 


genus Ymax(G) of G. 


Proof In order to prove this lemma, the following two facts have to be known(both of 
them can be done via the finite recursion principle in §1.3 of [5]!). 


Fact 1 In a connected graph G considered, there exists a spanning tree such that any 


pair of cotree edges whose fundamental circuits with vertex in common are adjacent in G. 


Fact 2 For a spanning tree T with Fact 1, there exists an orientation such that on the 
protracted tree T’, no two articulate subvertices(articulate vertices of T’) with odd out-degree 
of cotree have a path in the cotree. 


Because of that if two cotree edges for a tree are with their fundamental circuits without 
vertex in common then they for any other tree are with their fundamental circuits without 
vertex in common as well, Fact 1 enables us to find a spanning tree with number of pairs of 
adjacent cotree edges as much as possible and Fact 2 enables us to find an orientation such 
that the number of times for dong interchange segments successively as much as possible. From 











Lemma 1, the lemma can be done. 





§3. Tree-Travel Theorems 


The purpose of what follows is for characterizing the embeddability of a graph on a surface of 
genus not necessary to be zero via k-tree travels. 


Theorem 1 A graph G can be embedded into an orientable surface of genus k if, and only if, 


there exists a k-tree travel Cy(V;e) such that Gy is planar. 
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Proof Necessity. Let (G) be an embedding of G on an orientable surface of genus k. 
From Lemma 2, 4(G) has a spanning tree T with its edge subsets Eo, |Eo| = G(G) — 2k, such 
that G = G — Ep is with exactly one face. By successively doing the inverse of interchange 
segments for k times, a k-tree travel is obtained on G. Let K be consisted of the k pairs of 
cotree edge subsets. Thus, from Operation 2 in §3.3 of [5], G, =G—K = G—K + Ep is planar. 

Sufficiency. Because of G with a k-tree travel C,(V;e), Let K be consisted of the k pairs of 
cotree edge subsets in successively doing interchange segments for k times. Since G, = G-— Kk 
is planar, By successively doing the inverse of interchange segments for k times on C,(V;e) in 














its planar embedding, an embedding of G on an orientable surface of genus k is obtained. 


Example 4 In Example 1, for G = Ks, C is a 1-tree travel for the pair of cotree edges a and 
3. And, G, = Ks — {a, 3} is planar. Its planar embedding is 


[4° *3e~*Od4leg = (od); 

[4d7*0a174eg = (d7*ay); 

Bota: "263| ee = (an "6): [0C36- "20> “Olen = (ed. 7b *)3 
[2\4y~*1a7*0b2)eg = (Ay *a7"0). 


By recovering {a, 3} to G and then doing interchange segments once on C, obtain C,. From 
C; on the basis of a planar embedding of G ;, an embedding of G on an orientable surface of 
genus 1(the torus) is produced as 


4a '3c710d4]eg = (0 'c7 1d); [4d~10a1y4]eg = (d~* ay); 
g& g& 


[304~126387*1a~*0b2a~1163]eg = (0A *587-*a~*b2a7 1B); 
[0c35~12b- "Oleg = (c5~*b7"); [2A4y~*1a2eg = (AY "0). 





Similarly, we further discuss on nonorientable case. Let G = (V,E), T a spanning tree, 
and 
C(V; e) = OPo ivi P70; Pj20 (4) 


is the travel obtained from 0 along the boundary of protracted tree T. If v; is a reflective vertex 
and v; = v;, then 
AgC(V;e) = OP ivi P; "0; Pj,2€0 (5) 


is called what is obtained by doing a reverse segment for the reflective vertex v; on C(V;e). 

If reverse segment can be done for successively k times on C, then C is called a k-tree 
travel. Because of one reflective edge reduced for each reverse segment and at most ( reflective 
edges on C, we have 0 < k < @ where @ = (G(G) is the Betti number of G(or corank). When 
k = B, C(or G) is called twist normal. 


Lemma 3. A connected graph is twist normal if, and only if, the graph is not a tree. 


Proof Because of trees no cotree edge themselves, the reverse segment can not be done, 
this leads to the necessity. Conversely, because of a graph not a tree, the graph has to be with 
a circuit, a tree-travel has at least one reflective edge. Because of no effect to other reflective 
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edges after doing reverse segment once for a reflective edge, reverse segment can always be 
done for successively 3 = 6(G) times, and hence this tree-travel is twist normal. Therefore, 











sufficiency holds. 





Lemma 4 Let C be obtained by doing reverse segment at least once on a tree-travel of a 
graph. Then the polyhegon [A;C]eg is nonorientable and its genus 


7 2g(C) +1, when C orientable; 
GlAgC]eg) = 4 
g(C) +1, when C nonorientable. (6) 


Proof Although a tree-travel is orientable with genus 0 itself, after the first time of doing 
the reverse segment on what are obtained the nonorientability is always kept unchanged. This 
leads to the first conclusion. Assume Ce, is orientable with genus g(C)(in fact, only g(C) = 0 
will be used!). Because of 

[AGC] sg = ACB "EC 


where [Po ileg = AE, [Pi jleg = €-'B and [Pjcleg = C, From (3.1.2) in [5] 
[AiCleg ~top ABCEE. 
Noticing that from Operation 0 in §3.3 of [5], Crseg ~top ABC, Lemma 3.1.1 in [5] leads to 
G([AgC]eg) = 29([Cleg) + 1 = 29(C) +1. 
Assume Cog is nonorientable with genus g(C). Because of 


Ceg = AEE BC ~top ABC, 














g((AeCleg) = g(C) +1. Thus, this implies the second conclusion. 
As a matter of fact, only reverse segment is enough on a tree-travel for determining the 


nonorientable maximum genus of a graph. 


Lemma 5 Any connected graph, except only for trees, has its Betti number as the nonori- 


entable maximum genus. 














Proof From Lemmas 3-4, the conclusion can soon be done. 
For a k-tree travel C;(V;e) on G, the graph G; is defined as 


k 


Gy =T | [Bret — So fes}] (7) 


j=1 


where T is a spanning tree, [X] the induced graph of edge subset X, and e € Eyer and {e;, €;}, 
respectively, a reflective edge and that used for reverse segment. 


Theorem 2. A graph G can be embedded into a nonorientable surface of genus k if, and 
only if, G has a k-tree travel C(V;e) such that Gz is planar. 
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Proof From Lemma 3, for k, 1 < k < G(G), any connected graph G but tree has a k-tree 
travel. 

Necessity. Because of G embeddable on a nonorientable surface S; of genus k, let ~(G) 
be an embedding of G on S;. From Lemma 5, f7(G’) has a spanning tree T with cotree edge 
set Eo, |Eo| = B(G) — k, such that G = G — Ep has exactly one face. By doing the inverse of 
reverse segment for & times, a k-tree travel of G is obtained. Let K be a set consisted of the k 
cotree edges. From Operation 2 in §3.3 of [5], Gz = G—K = G — K + E is planar. 

Sufficiency. Because of G with a k-tree travel C;(V;e), let K be the set of k cotree edges 
used for successively dong reverse segment. Since Gz = G — K is planar, by successively doing 
reverse segment for k times on Cz(V;e) in a planar embedding of Gz, an embedding of G on a 











nonorientable surface S; of genus k is then extracted. 





Example 5 On K3,3, take a spanning tree T’, as shown in Fig.2(a) by bold lines. In (b), given 
a protracted tree T of T. From T. get a tree-travel 


C = 0Po,112P11,152P 15,00 (= Co) 
where vp = Vig and 
Po.11 = c4656~'4y3y~*4c7*0d2e3,310-*3e7"; 
Pius = d~'0a1b5a; 
Po=a 'Sb"‘la'. 
Because of vj5 = 2 as the reflective vertex of cotree edge a and vj1 = V15, 
A3Co = 0P1:0,112P1,11,152P1:15,00 (= C1) 
where 
Py.0,11 = Po,11 = €46567*43y~'4c7'0d2e3310-*3e7"; 
Pris = Pinas =o Sb ha Od; 


P1.15,0 => P15,0 = a'5b7 Maret. 





Since Gj = K3,3 — a is planar, from Co we have its planar embedding 
= [5Pi6,00Po,20\eg = oo 1a~1¢6); 

= Sissies (ro de) 

= [1P13,145P2,43Ps.9lleg = (6 * 7b); 
“a = [1P913lJeg = (8 'e 'd7*a). 


By doing reverse segment on Co, get C,. On this basis, an embedding of K33 on the projective 
plane(i.e., nonorientable surface S; of genus 1) is obtained as 


fi = [5Pi,16,00P1,0,20]eg = fr = (b71a71c8); 

fo = [8Pi,4 83]eg =fro= (y~'e*de); 

fs= 1Pi:9,112P1;11,13 Jeg = bee 'a*b"); 

fa = [0Pi.14,152P1:15,165P1,2,43P1,8,91P1.13,140 eg 
= (da~16~'yBa-!). 
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Fig.2 


§4. Research Notes 


A. For the embeddability of a graph on the torus, double torus etc or in general orientable 
surfaces of genus small, more efficient characterizations are still necessary to be further con- 
templated on the basis of Theorem 1. 

B. For the embeddability of a graph on the projective plane(1-crosscap), Klein bottle(2- 
crosscap), 3-crosscap etc or in general nonorientable surfaces of genus small, more efficient 
characterizations are also necessary to be further contemplated on the basis of Theorem 2. 

C. Tree-travels can be extended to deal with all problems related to embedings of a graph on 
surfaces as joint trees in a constructive way. 
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Abstract: For a positive integer k, let G(n; F241) be the class of graphs on n vertices con- 
taining no two 2k + 1-edge disjoint cycles. Let f(n; F241) = max{E(G) : G € G(n; Eox41)}. 
In this paper we determine f(n; 22,41) and characterize the edge maximal members in 
G(n; H2n41) for k = 1 and 2. 
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§1. Introduction 


For our purposes a graph G is finite, undirected and has no loops or multiple edges. We denote 
the vertex set of G by V(G) and edge set of G by E(G). The cardinalities of these sets are 
denoted by v(G) and €(G), respectively. The cycle on n vertices is denoted by C;,. Let G be 
a graph and u € V(G). The degree of u in G, denoted by dg(u), is the number of edges of G 
incident to u. The neighbor set of u in G is a subgraph H of G, denoted by Ny(u), consists of 
the vertices of H adjacent to u; observe that dg(u) = |Nx(u)|. For a proper subgraph H of G 
we write G[V(H)| and G-V(H) simply as G[H] and G — H respectively. 

Let G, and Gz be graphs. The union G U G2 of G; and G2 is a graph with vertex set 
V(Gi) UV(G2) and edge set E(G1) U E(G2). Gy and G2 are vertex disjoint if and only if 
V(Gi) NV(G2) = @; G and G2 are edge disjoint if E(Gi) MN E(G2) = @. If G; and G2 are 
vertex disjoint, we denote their union by G; + Gz. The intersection G1 M1 G2 of graphs G; and 
G» is defined similarly, but in this case we need to assume that V(G1) 9 V(G2) # @. The 
join G V H of two disjoint graphs G and 4H is the graph obtained from G + G2 by joining 
each vertex of G to each vertex of H. For a vertex disjoint subgraphs H; and Ho of G we let 
E(M,, Hz) = {xy € E(G): 2% € V(M),y € V(A2)} and €(A1, He) = |E(AM1, A2)|. 

Let F1,F2 be two graph families and n be a positive integer. Let G(n;F1,F2) be a 
Smarandache-Turan graph family consisting of graphs being F1-free but containing a subgraph 
isomorphic to a graph in F2 on n vertices. Define 


f(n; Fi, Fe) = max{|E(G)|: G € G(n; Fi, F2)}. 
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The problem of determining f(n; 71, F2) is called the Smarandache-Turdn-type extremal prob- 
lem. It is well known that in case Fy = @ or Fy = {edge} the problem is called the Turdn-type 
extremal problem and abbreviated by f(n;#1) and the class by G(n;F,). In this paper we 
consider the Turdn-type extremal problem with the odd edge disjoint cycles being the forbid- 
den subgraph. Since a bipartite graph contains no odd cycles, we only consider non-bipartite 
graphs. For convenience, in the case when F; consists of only one member C,., where r is an 


odd integer, we write 
G(nir)=G(n; Fi),  f(nir) = fn; Fi). 


An important problem in extremal graph theory is that of determining the values of the function 
f(n;F,). Further, characterize the extremal graphs G(n; 71) where f(n;F,) is attained. For a 
given r, the edge maximal graphs of G(n;7) have been studied by a number of authors [1, 2, 3, 
6, 7, 8, 9, 11]. 

Let G(n; E2441) denote the class of graphs on n vertices containing no two (2k + 1)- edge 
disjoint cycles. Let 


f(n; Bon¢1) = max{E(G) : G € G(n; E2n41)}- 


In this paper we determine f(n; 2,41) and characterize the edge maximal members in for 
k =1 and 2. Now, we state a number of results, which we use to prove our main results. 


Lemma 1.1 ( Bondy and Murty, [4]) Let G be a graph on n vertices. If E(G) > n?/4, then G 
contains a cycle of length r for each 3 <r < |(n+3)/2]. 


Theorem 1.2 (Brandt, [5]) Let G be a non-bipartite graph with n vertices and more than 
| (n —1)?/4+ 1| edges. Then G contains all cycles of length between 3 and the length of the 


longest cycle. 


Let G*(n) denote the class of graphs obtained by adding a triangle, two vertices of which 
are new, to the complete bipartite graph K | (n—2)/2),f(n—2)/2]- For an example of G*(n), see 
Figure 1. 

Theorem 1.3 ( Jia, [10]) Let G € G(n;5), n > 10. Then 


E(G) < |(n— 2)?/4| +3. 
Furthermore, equality holds if and only if G € G*(n). 


In this paper we determine f(n, H2x41) and characterize the edge maximal members in 
G(n, Eox41) for k = 1,2, which is the first step toward solving the problem for each positive 
integer k. 


§2. Edge-Maximal C3-Disjoint Free Graphs 


In this section we determine f(n, E3) and characterize the edge maximal members in G(n, E3). 
We begin with some constructions. Let Q(G) denote to the class of graphs obtained by adding 
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ome 


Figure 1: The figure represent a member of G*(n). 


an edge to the complete bipartite graph Kj, 2),fn/2]- Figure 2 displays a member of 0(G). 


Observe that Q(G) C G(n, E2x41) and every graph in 2(G) contains |n?/4| + 1 edges. Thus, 
we have established that 


f(n; Eorg1) > |n?/4| +1 (1) 


We now establish that equality (1) holds for k = 1. Further we characterize the edge maximal 
members in G(n; E3). 


& 


Figure 2: The figure represents a member of 2(G). 


In the following theorem we determine edge maximum members in G(n; E3). 
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Theorem 2.1 Let G € G(n; E3). Forn> 8, 
f(n; E3) < |n?/4| +1. 
Furthermore, equality holds if and only if G € Q(G). 


Proof Let G € G(n, £3). If G contains no cycle of length three, then by Lemma 1.1, 
E(G) < |n?/4| . Thus, €(G) < |n?/4] +1. So, we need to consider the case when G has cycles 
of length 3. Let xyza be a cycle of length 3 in G. Let H = G — {axy, xz, yz}. Observe that H 
cannot have cycles of length 3 as otherwise G would have two edge disjoint cycles of length 3. 
To this end we consider the following two cases. 


Casel: 4H is not a bipartite graph. Since H contains no cycles of length 3, by Theorem 1.2, 


E(G) < |(n—-1)?/4| +1. 


for n> 8. 


Case 2: H isa bipartite graph. Let X and Y be the bipartition of V(H). Thus, €(H) < |X||Y]. 
Observe |X| + |Y| =n. The maximum of the above is when |X| = |n/2| and |Y| = [n/2]. 
Thus, €(G) < |n?/4|. Now we divide our work into two subcases. 

Subcase 2.1. All the edges ry, xz, and yz are edges in on of X and Y, say in X. Observe 


that for any two vertices of Y, say u and v, we have that E({z, y, z}, {u, v}) < 5 as otherwise 
G would have two edge disjoint cycles of length 3. Thus, E({z,y, z}, Y) < 2|Y|+1. Now, 


EG) = E(X— {x,y,z}, Y) +E({z,y, 2}, Y) + E({z, y, z}) 
< (|X|—3)/Y]+2]Y|/4+14+3 
< |X|IY|-|¥l+4< (X|-DIvl +4. 


Observe |X| + |Y| =n. The maximum of the above equation is when |X| = |(n +1)/2| and 
IY] =[(n — 1)/21, Thus, 
2 


E(G)< | +4< | +1. 


Subcase 2.2. At most one of ry, xz and yz is an edge in X and Y. So, 
2 


€(G) =€(H) +1< =| i, 











This completes the proof of the theorem. 





We now characterize the extremal graphs. Through the proof, we notice that the only time 
we have equality is in case when G obtained by adding an edge to the complete bipartite graph 
K\n/2],[n/2|- This gives rise to the class 0(G). 
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§3. Edge-Maximal C;-Disjoint Free Graphs 


In this section we determine f(n; £2441) and characterize the edge maximal members in G(n; Fo441) 
for k = 2. We now establish that equality (1) holds for k = 2. Further we characterize the 
edge maximal members in G(n; Es). To do that we employ the same method as in the above 


theorem 


Theorem 3.1 Let G€ G(n, Es). Forn>9, 
f(n; Es) < |[n?/4] +1. 
Furthermore, equality holds if and only if G € Q(G). 


Proof Let G € G(n; Es). If G does not have a cycle of length 5, then by Lemma 1.1, 
E(G) < |n?/4|. Thus, €(G) < |n?/4] +1. Hence, we consider the case when G has cycles 
of length 5. Assume 21 %2...%5%1 be a cycle of length 5 in G. As in the proof of the above 
theorem, we consider H = G — {e1 = 1142, €2 = 12%3,...,€5 = 25241}. Observe that H cannot 
have 5-cycles as otherwise G would have two 5 - edges disjoint cycles. Now, we consider two 
cases. 


Case 1: H is not a bipartite graph. Then, by Theorem 1.3, we have 


E(H) < |(n—2)?/4| +1. 


pe) 
2 
T 


E(H) +5 


pines 


for n > 9, we have 


Case 2: 4H is a bipartite graph. Let X and Y be the bipartition of V(H). Thus, €(G) < 
|X||Y|. Observe |X| +|Y| =n. The maximum of the above is when |X| = |n/2]| and |Y| = 
[n/2]. Thus, €(G) < |}. Now, we consider the following subcases. 

Subcase 2.1. One of X and Y contains two edges. Observe that those two edges must be 
consecutive, say e; and eg. Let z be a vertex in X. If |Ny (a1) A Ny (a2) Ny (23) N Ny (z)| > 4, 
then G contains two 5 edges disjoint cycles. Thus, 


E({x1, ©2, 23,2}, Y) 3/Y| + 3. 





So, 
E(G) = &(X—21,x2,%3,2},Y) + E(e1, 42, 23,2},Y) +E(X) + E(Y) 
< (|X|-—4)|Y|4+3/Y]+34+2+3 
< |X|Y|-|¥|4+8< (X|-1IY|4+8 
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Observe |X| + |Y| = n. The maximum of the above equation is when |Y| = [45+] and 


|X|-1= [252]. Thus, 


E(G) < a +8 


For n > 9, we have 


Subcase 2.2. €(X) =1 and €(Y) =0 or €(X) =0 and €(Y) = 1. Then 


£(G) < E(H) +1< | 41 











This completes the proof of the theorem. 





We now characterize the extremal graphs. Through the proof, we notice that the only time 
we have equality is in case when G obtained by adding an edge to the complete bipartite graph. 
This gives rise to the class Q(G). 
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§1. Introduction 


The theory of curves is a fundamental structure of differential geometry. An increasing interest 
of the theory curves makes a development of special curves to be examined. A way for clas- 
sification and characterization of curves is the relationship between the Frenet vectors of the 
curves. The well known of such curve is Bertrand curve which is characterized as a kind of 
corresponding relation between the two curves. A Bertrand curve is defined as a spatial curve 
which shares its principal normals with another spatial curve (called Bertrand mate). Another 
kind of associated curve has been called Mannheim curve and Mannheim partner curve. A 
space curve whose principal normal is the binormal of another curve is called Mannheim curve. 
The notion of Mannheim curve was discovered by A. Mannheim in 1878. The articles concern- 
ing Mannheim curves are rather few. In [1], R. Blum studied a remarkable class of Mannheim 
curves. O. Tigano obtained general Mannheim curves in Euclidean 3-space in [2]. Recently, 
H.Liu and F. Wang studied the Mannheim partner curves in Euclidean 3-space and Minkowski 
3-space and obtained the necessary and sufficient conditions for the Mannheim partner curves 
in [3]. On the other hand, a range of new types of geometries have been invented and devel- 
oped in the last two centuries. They can be introduced in a variety of manners. One possible 
way is through projective manner, where one can express metric properties through projective 
relations. For this purpose a fixed conic in infinity is taken and all metric relations with respect 
to the absolute. This approach is due to A. Cayley and F. Klein who noticed that due to 
the nature of the absolute, various geometries are possible. Among this geometries, there are 
also Galilean and pseudo-Galilean geometries. They are very important in physics. Galilean 
space-time plays the same role in non relativistic physics. The Geometry of the Galilean space 
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G3 has treated in detail in Réschel’s habilitiation, [4]. Furthermore, Kamenarovic and Sipus 
studied about Galilean space, [5]-[6]. The properties of the curves in the Galilean space are 
studied [7]-[9]. The aim of this paper is to study the Mannheim partner curves in Galilean 


space G3 and give some characterizations for this curves. 


§2. Preliminaries 


The Galilean space G3 is a Cayley-Klein space equipped with the projective metric of signature 
(0,0,+,+), as in [10]. The absolute figure of the Galilean Geometry consist of an ordered triple 
{w, f, I}, where w is the ideal (absolute) plane, f is the line (absolute line) in w and I is the 
fixed elliptic involution of points of f, [5]. In the non-homogeneous coordinates the similarity 
group Hg has the form 


T= a1 + A12x 
YF = dq, + agox + ag3y cosy + ao3z sin yp (2.1) 
Z = a31 + a3oX — aazy sin y + 232 cosy 
where a,; and y are real numbers, [7]. 
In what follows the coefficients a2 and a23 will play the special role. In particular, for 


a12 = a3 = 1, (2.1) defines the group Bg C Hg of isometries of Galilean space G3. 
In G3 there are four classes of lines: 


i) (proper) non-isotropic lines- they don’t meet the absolute line f. 

ii) (proper) isotropic lines- lines that don’t belong to the plane w but meet the absolute 
line f. 

iii) un-proper non-isotropic lines-all lines of w but f. 

iv) the absolute line f. 


Planes « =constant are Euclidean and so is the plane w. Other planes are isotropic, [6]. 
The Galilean scalar product can be written as 


L122 5 if 7,40 V 2240 
yiy2 +2122, tf 41 =0 A 2 =0 


< Uj, U2 >= 


where w1 = (41, yi, 21) and ug = (#2, y2, 22). It leaves invariant the Galilean norm of the vector 
u = (x,y,z) defined by 
x ,x#0 


Sree tZ6 


Let a be a curve given in the coordinate form 


lull = 


a:Il—>Gs, ICR 
t— a(t) = (a(t), y(é), 2(¢) 


where x(t), y(t), z(t) € C® and t is a real interval. If x’(t) € 0, then the curve a is called 


admissible curve. 


(2.2) 
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Let @ be an admissible curve in G3 parameterized by arc length s and given by 


a(s) = (s,y(s), 2(s)) 
where the curvature «(s) and the torsion 7(s) are 


_ det [a’ (s), a” (s) , a” (s)] 


K(s) = Vy’?(s) + 2/?(s) and _7r(s) 2s) : 


(2.3) 


respectively. The associated moving Frenet frame is 


N(s) = xhya'(s) = <b (0,y""s), 2"(s)) (2.4) 
B(s) = 25(0,—2"(s),y"(s)). 





Here T, N and B are called the tangent vector, principal normal vector and binormal vector 
fields of the curve a, respectively. Then for the curve a, the following Frenet equations are given 
by 


8) (2.5) 


where T, N, B are mutually orthogonal vectors, [6]. 


§3. Admissible Mannheim Curves in Galilean Space G3 


In this section, we defined the admissible Mannheim curve and gave some theorems related to 
these curves in G3. 


Definition 3.2 Let a and a* be an admissible curves with the Frenet frames along {T, N, B} 
and {T*, N*, B*}, respectively. The curvature and torsion of a and a*, respectively, «(s),7(s) 
and «*(s),7*(s) never vanish for all s € I in Gs. If the principal normal vector field N of a 
coincidence with the binormal vector field B* of a* at the corresponding points of the admissible 
curves a and a*. Then a is called an admissible Mannheim curve and a* is an admissible 
Mannheim mate of a. Thus, for all s € I 


a*(s) =a(s) + \(s)N(s). (3.1) 


The mate of an admissible Mannheim curve is denoted by (a, a*), (see Figure 1). 
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Figure 1. The admissible Mannheim partner curves 


Theorem 3.1 Let (a,a*) be a mate of admissible Mannheim pair in G3. Then function X is 


constant. 


Proof Let a be an admissible Mannheim curve in Gg and a* be an admissible Mannheim 
mate of a. Let the pair of a(s) and a*(s) be corresponding points of a and a*. Then the curve 
a*(s) is given by (3.1). Differentiating (3.1) with respect to s and using Frenet equations, 


5 OF = FANNER (3.2) 
S 





T 


is obtained. 
Here and here after prime denotes the derivative with respect to s. Since N is coincident 


with B* in the same direction, we have 
XN (s) =0, (3.3) 


that is, A is constant. This theorem proves that the distance between the curve a and its 
Mannheim mate a* is constant at the corresponding points of them. It is notable that if a* 
is an admissible Mannheim mate of a. Then a is also Mannheim mate of a* because the 











relationship obtained in theorem between a curve and its Mannheim mate is reciprocal one. 





Theorem 3.2 Let a be an admissible curve with arc length parameter s. The curve a is an 


admissible Mannheim curve if and only if the torsion T of a is constant. 


Proof Let (a,a*) be a mate of an admissible Mannheim curves, then there exists the 


relation 
T(s) = cos@T*(s) + sin 6N*(s) (3.4) 
B(s) = —sin0T*(s) + cosON*(s) 
and 
T*(s) = cos6T(s) — sin 6B(s) (3.5) 


N*(s) = sin 0T(s) + cos 0B(s) 
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where @ is the angle between T and T* at the corresponding points of a(s) and a*(s), (see 
Figure 1). 
By differentiating (3.5) with respect to s, we get 


7 Br dst — MMO T + sin ON + cosOrN + 269% B. (3.6) 


Since the principal normal vector field N of the curve a and the binormal vector field B* of its 
Mannheim mate curve, then it can be seen that @ is a constant angle. 
If the equations (3.2) and (3.5) is considered, then 


At coté =1 (3.7) 


is obtained. According to Theorem 3.1 and constant angle 6, u = cot @ is constant. Then 














from equation (3.7), T= + is constant, too. Hence the proof is completed. 


Theorem 3.3(Schell’s Theorem) Let (a,a*) be a mate of an admissible Mannheim curves with 
torsions T and T*, respectively. The product of torsions T and T* is constant at the corresponding 


points a(s) and a*(s). 


Proof Since a is an admissible Mannheim mate of a*, then equation (3.1) also can be 
given by 


a = a* — \B*. (3.8) 
By taking differentiation of last equation and using equation (3.4), 
T* = + tand (3.9) 
can be given. By the helps of (3.7), the equation below is easily obtained; 


TT = tan6 = constant (3.10) 











This completes the proof. 





Theorem 3.4 Let (a,a*) be an admissible Mannheim mate with curvatures k,«K* and torsions 


T,T* ofa anda*, respectively. Then their curvatures and torsions satisfy the following relations 





. x. de 

i) t= ds* 

vi) K=7*4 sind 
iti) T = —7* 4 cos. 


Proof i) Let us consideration equation (3.4), then we have 
< T,T* >= cos0. (3.11) 


By differentiating last equation with respect to s* and using the Frenet equations of a and 


a™*, we reach 








< K(s)N(s)#8,T*(s) > + < T(s), K*(s)N*(s) >= —sind #4. (3.12) 
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Since the principal normal N of a and binormal B* of a* are linearly dependent. By 


considering equations (3.4) and (3.12), we reach 





K*(s) = —#2., (3.13) 


If we take into consideration < T,B* >, < B,B* > scalar products and (2.5), (3.4), (3.5) 


equations, then we can easily prove ii) and ii) items of the theorem, respectively. 


The relations given in ii) and iii) of the last theorem, we obtain 


K 
— = —tané = constant. 
Z 
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Abstract: Let K;, be a complete k-partite graph of order n and let Kia be a generalized 
complete k-partite graph of order n spanned by the fan set ¥ = {Fn,, Fno,--: , Fn, }, where 
TW = {n1,n2,---, ne} andn = ni +n24+---+ nex for 1 <k <n. In this paper, we get the 


number of spanning trees in Kx 7 to be 


and the number of spanning trees in K “¢ 7 to be 


F 2k-2 “ ers = aaa 
t(Kin) =n II er eae a 
where a; = (di + \/d? — 4)/2 and B; = (di — /d? — 4)/2,d; = n — ni +3. In particular, 
Kin = Ké with t(Kiz) = 0, Knz = Kn with t(Knz) = n”~? which is just the Cayley’s 
formula and Ki; = Fr with t(Ki_) = (a"~ — B"~')/V5 where a = (3 + V5)/2 and 
GB = (3— V5)/2 which is just the formula given by Z.R.Bogdanowicz in 2008. 


Key Words: Connected simple graph, k-partite graph, complete graph, tree, Smarandache 


(£1, E2)-number of trees. 


AMS(2010): 05C10 
§1. Introduction 


Graphs considered here are simple finite and undirected. A graph is simple if it contains neither 
multiple edges nor loops. A graph is denoted by G = (V(G), E(G)) with n vertices and m edges 
where V(G) = {v1, v2,-++ , Un} and E(G) = {e1,€2,--- ,e€m} denote the sets of its vertices and 


1Sponsored by Priority Discipline of Beijing Normal University. 
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edges, respectively. The degree of a vertex v in a graph G is the number of edges incident with 
v and is denoted by d(v) = d¢(v). 

For simple graphs G; = (V;(G), E;(G@)) with vertex set V; = {vji1, vie, +++ , Vin, }, the empty 
graphs of order n; are denoted by Ny, = (Vi,¢), i = 1,2,---,k. A complete k-partite graph 
Kaw = BKnyjno, ny = (Vi; V2,:++ Ve, E) is said to be one spanned by the empty graph set 
MN ={Nn,,Nno,-++ ,Nn,}, denoted by | Se sou Ke where 7% = {n1,n2,--- , nk}. 

In generally, for the graph set Y = {Gn,,Gn.,-+: ,Gn,}, the graph 


Kiln = Ki U Gn, U Gn, U-+-UGn, (1) 


is said to be a generalized complete k-partite graph spanned by the graph set Y. 

For all graph theoretic terminology not described here we refer to [1]. Let G be a connected 
graph and Ey, Ey C E(E) with E, 4 E2. The Smarandache (E,, Er)-number t5(E,, Ez) of trees 
is the number of such spanning trees T in G with E(T)NE, 4 0 but E(T)N £2 = 0. Particularly, 
if FE, = E(G) and £2 = @, i-e., such number is just the number of labeled spanning trees of a 
graph G,, denoted by ¢(G). For a few special families of graphs there exist simple formulas that 
make it much easier to calculate and determine the number of corresponding spanning trees. 
One of the first such results is due to Cayley [2] who showed in 1889 that complete graph on n 


vertices, K,, has n”~? spanning trees. That is 
(Kn) =n" for n>2. (2) 


Another result is due to Sedlacek [3] who derived in 1970 a formula for the wheel on n+ 1 
vertices, Wy41, which is formed from a cycle C, on n vertices by adding a new vertex adjacent 
to every vertex of C,. That is 


Wea + vn ue en 2D ie Se (3) 








Sedlacek [4] also later derived a formula for the number of spanning trees in a Mébius 
ladder, M,,, is formed from a cycle C2, on 2n vertices ladder v1, v2,--- , van by adding edges 


UiUn+i for every vertex v;, where i <n. That is 
t(M,) = Sle + V3)" + (2— V3)" +2] for n>2. (4) 


In 1985, Baron et al [5] derived the formula for the number of spanning trees in a square 
of cycle, C?, which is expressed as follows. 


t(C?) =nF_{n}, n3>5, (5) 


where F'_{n} is the nth Fibonacci Number. Similar results can also be found in [6]. 

The next result is due to Boesch and Bogdanowicz [7] who derived in 1987 a formula for 
the prism on 2n vertices, Rn, which is formed from two disjoint cycles C), with vertex set 
V(Ch) = {v1, v2,+-* , Un} and Cy, with vertex set V(C/,) = {vu}, v$,--- , vj, } by adding all edges 
of the form v,v;. That is 


t(R,) = sle2 +73)" + (2—V3)"-2] for n>3. (6) 
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In 2007, Bleller and Saccoman [8] derived a formula for a threshold graph on n vertices, 
Tn, which is formed from that for all pairs of vertices u and v in T,, N(u) —v C N(v) —u 
whenever d(u) < d(v). That is 


s—l 


k 
t(Tn) =] [a [] G42)" de 40 1G, + 71, (7) 
i=1 j=k+2 


where d(T,) = (a, a) wee ,ds”*)) is the degree sequence of Ty, dj < dj41 fori = 1,2,--- ,s— 
1,k = [5+] and s=I(mod 2). 
In 2008, Bogdanowicz [9] also derived a formula for an n-fan on n+1 vertices, F,41, which 





is formed from a n-path P, by adding an additional vertex adjacent to every vertex of P,. That 
is 


t(Faii) = V4) for WS 2: (8) 





2 (3aVB yn B4V5 
5-3/5 2 2 


In this paper it is proved that: Let Ky, be a complete k-partite graph of order n where 


the vector 7% = {n1,n2,---, ne} andn=ny+no+---+n,g for 1 <k <n, then the number of 
spanning trees in K; 7 is 
k 
t(Ken) =n*? T][(n— ny}. (9) 
i=1 


Moreover, let kK, fe ~ be a generalized complete k-partite graph of order n spanned by the 
fan set F = {Fy,, Fn.,--+, Fn, } where 7 = {n1,1no,--- , ne} and n = ny + ng +---+ nx for 


1<k <n, then the number of spanning trees in ee is 


KB gm 1 gmat 
(Kg) = nh? | [ +——+— =a (10) 
i=1 t t 


where a; = (dj + \/d? — 4)/2 and ; = (d; — /d? — 4)/2,d; =n — 1; +3. 

In particular, from (9) we can obtain Ki, = Ke with t(KS) = 0 and Kyz = Ky with 
t(K,) =n"? which is just the Cayley’s formula (2). From (10) we can also obtain Kea = F, 
with t(K%,) = (a®~!—6"—1)/./5 where a = $(3+¥5) and 6 = $(3— V5) which is the formula 
(8), too. 


§2. Some Lemmas 


In order to calculate the number of spanning trees of G, we first denote by A(G), or A = 
(aij )nxn, the adjacency matrix of G, which has the rows and columns corresponding to the 
vertices, and entries aj; = 1 if there is an edge between vertices v; and v; in V(G), aij = 0 
otherwise. 

In addition, let D(G) represent the diagonal matrix of the degrees of the vertices of G. We 
denote by H(G), or H = (hij)nxn, the Laplacian matrix (also known as the nodal admittance 
matrix ) D(G) — A(G) of G. From H(G) = D(G) — A(G), we can see that hi; = d(v;) and 
hij = —aaj if i A j. 
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A well-known result states the relationship between the number of spanning trees of a 


graph and the eigenvalues of its nodal admittance matrix: 


Lemma 2.1({10]) The value of t(G), the number of spanning trees of a graph G, is related to 
the eigenvalues A1(G), A2(G),--- ,An(G) of its nodal admittance matrix H = H(G) as follows: 


«(G)=-[]A(@, 0=A(@) < rAlG) <--- < An(G). (11) 


A classic result of Kirchhoff can be used to determine the number of spanning trees for G. 
Next, we state the well-known theorem of Kirchhoff: 


Lemma 2.2(Kirchhoff’s Matrix-Tree Theorem, [11]) All cofactors of H are equal and their 


common value is the number of spanning trees. 


Lemma 2.3 Let b> 2 be a constant, then the determinant of order m 








1 a 1 
af §: =f-. 6 

am” — gm 

= 12 
0 0 ere (12) 

® Ste. 41 
OG: aa 6%, Set chet 
mxm 


where a = (b+ Vb? — 4)/2, 6 = (b— Vb? — 4)/2. 


Proof Let am stand for the determinant in (??) as above, by expending the determinant 
according to the first column we then have 


Om=| QO “. “0 et ied ay) 





0 0 -1 b-1 
mxm 
where 
6 -1 O 0 
-1 6b -1 0O 
Cm=| Q 7. UT, 0 = bem—1 — Cm—2 (14) 


O --- QO -1 b-1 








mxm 


in which cg = 1, c = b— 1 and cg = b? — b— 1. 
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Constructing a function as follows: 





f(a) = Do ema”, (15) 
m>0 
then 
f(z) =14+(b-l)e+ eon 
=1+(b-1)a+ > (bem—1 — Cm—2)z™ 
=1+ (b-1)x + ba(f(x) —1)— 2° f(x), 


1 —-7 qimtl = pm am 
= 16 
WO) ae F 1 err as See ey) 
where a = (b+ Vb? — 4)/2 and 6 = (b— Vb? — 4)/2 which is just the two solutions of the 
equation x? — br + 1=0. 

Thus, from (11.4) and (11.5) we have 





qimtl 4 gm 
Beets oe (17) 
Since 
1 1 1 
ag3=|-—-1 b 1 | =0-l=et+a+oo, (18) 
0 -1 b-1 


from (11.2),(11.6) and (11.7) we can obtain that 


" <a m1 qkt1 +4 pr qm — pm 
m = k = = 
k=0 fp, G8 
§3 Complete Multipartite Graphs 
For a complete k-partite graph Ky of order n where the vector 7 = {ni,n2,---, me} and 


n=nitnet+::-t+nyz forl<k <nwith ny > ng 2--- > ng. Let V(Ke x) = Vi UV2U-- UV, 
be the & partitions of the graph K;,7% such that |V;| =n; for i = 1,2,---,k. It is clear that for 
any vertex v; € V;, d(v;) =n—n, fori = 1,2,--- ,k. So the degree sequence of vertices in Ky.7 


d( Kx) = ((n — 11)", (n — ng)", +++, (m— ng)”*). (19) 


Now, let £; be an identity matrix of order i, [;x; = (1)ix; a total module matrix of order 
ix gj and O;x; = (0)ix; a total zero matrix of order i x j. Then the diagonal block matrix of 
the degrees of the vertices of Ky corresponding to (12) is 


D( Kx) = (Diz )exk, (20) 
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where Dy = (n— nj) En; and Diy = On, xn; when i 4 j for 1 < i,j <k. The adjacency matrix 
of Kym corresponding to (??) is 
A(Kra) = (Aij)exk, (21) 


where Ajj = On, and Aij = In;xn; when i 4 j for 1 <i,j <k. 
Thus, we have from (13) and (14) the Laplacian block matrix (or the nodal admittance 
matrix ) of Kez 
A(Krx) = D( Ken) — A(Ken) = (ij )exe (22) 














where Hy; = (n — %4)En, and Hi; = —In,xn, when i # j for 1 <i,j <k. 
Theorem 3.1 Let Kyx be a complete k-partite graph of order n where the vector XN = 


{ni,M2,°-+ ne} andn = nytnot-:- tne forl <k <n withny > ng >: > ng. 


Then the number of spanning trees of Ky7 18 


t(Kin) =n*-? IIe —n,)e-+, (23) 


Proof According to Lemma 2.1, we need to determine all eigenvalues of nodal admittance 
matrix H(K, x) of Kym. From (15) we can get easily the characteristic polynomial of H(Ky,z) 


as follows: 
A(Ki x) — AE| = 
(n —ny— N) En, —In, xno aa —Inyxme (24) 
—Ingxn1 (n — n2—- A) Eng te —Ingxme 
—Ingxny —Ingxne oa (n — Nk — A) Eng 





nxn 

Since the summations of entries in every column in |H(K;,,q) — AE| all are —, by adding 
the entries of all rows other than the first row to the first row in |H(Ky,7) — AEF], all entries of 
the first row then become —A. Thus, the determinant becomes 


|H (Kea) — AE| = 


+ 
Ay, * tee * 


(25) 
—Inexny (n — N2— A) Ens aed —Ingxn 


=n = La sons ate (n — Nk — A) Eng nxn 


where 


1 Liin= 
Ht = pn Eeoe (26) 
O(n—1)x1 (n—ni — ») Eqn -1) 


nyXNni1 
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and the stars ”*” in (18) stand for the matrices with all entries in the first row being 1. By 


adding the entries in the first row to the rows from row n; + 1 to row n in the determinant 


(18), it then becomes 


|H(Kyx) — AE| = 
=. Onexni (n — n2— N) Ens + Ino ia Onoxnk 
On, xna On, xno Stew (n — Nk A) En, + In, 


|H(Kin) — AE| = AAT | [|= ni — A)En, + In, 





1<i<k 
From (19) we have 
1 Tikes 
|| = Sr ed let er a 


On, x1 (n ny \) En, 
For 1 <i<k we have 


n—2X (n — A) x(ny-1) 


lap, (0g Age ths 





1 Th x(ni-1) 


\(n — ni — A)En, + In; 
O(ni—1) x1 (n -— MN - \)En,-1 





= (n—X) 


=(n—A)(n—nj —A)™?. 
By substituting (21),(22) to (20) we have 


k 
|H(Knm) — XB| = —A(n— A)" YT] (n=; — Ay. 


i=1 





So, from (23) we derive all eigenvalues of H(K;,7) as follows: 4; = 0 and 


(n; — 1)-multiple roots Aigi(Ke gz) =n—-— mi, t=1,2,--- ,k: 


(k — 1)-multiple root An(Ki x) =n. 


By substituting (24) to (11) we have 





(27) 


(28) 


(29) 


(30) 


(31) 


(32) 
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This is just the theorem. 





Corollary 3.2 (Cayley’s formula) The total number of spanning trees of complete graph Ky 
18 


t(Kn) =n"-?, (33) 








Proof Let k =n, then ny = ng =--: =n, =1 and Kyz7 = Kn. By substituting it to (25) 


we then have 














§3. Generalized Complete Multipartite Graphs 


For a generalized complete k-partite graph K o of order n spanned by the fan set ¥ = 
{Fras Fino. ++ > Fn, } where n =n, 4+n2g+--:+nx with ny > neg >--- > nz forl <k <n. It is 
clear that the degree sequence of vertices of the fan F,,, in K, a 





d(F,,) = (n— 1m +2, (n— 12; +3)", n— 1; +2,n—-1) (34) 
fori =1,2,---,k. So the degree sequence of vertices of Ky is 
d( Kx) = (d(Frn)s@(Fna)s**° aha): (35) 


Now, the diagonal block matrix of the degrees of the vertices of K ios = corresponding to (28) 


D( Kin) = (Dij)exk; (36) 


where from (27) we have 





Dj, = diag{n — nj + 2,n—nji +3,---,n-—nj +3,n—nj +2,n—1} (37) 


and Di; = On;xn; When i # j for 1 < 1,7 <k. 
The adjacency matrix of fe = corresponding to (28) is 


A( Kia) = (Aij)exks (38) 
where 
Ore. ai]: 1 
1 O 1 
Ay = Tees (39) 
0 oil 
1 1 1 O 
NEXNG 


and Aj; = In;xn,; when i # j for 1 <i,j7 <k. 
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Thus, we have from (29) ~ (32) the Laplacian block matrix (or the nodal admittance 
matrix ) of Ke 


H (Kia) = D( Kia) — A(Kea) = (Hig )exes (40) 
where 
Ay = Dix — Ai = 

d,;-—1 -1 —1 

1 d; -—1 —1 
(41) 

-1 da = 
-1 d;-1 -1l 
elt: -1 n-1 
NEXNG 


with dj =n—n, +3 and Hi; = —In,xn; wheni #j for 1 <i,j <k. 


Theorem 4.1 Let KF be a generalized complete k-partite graph of order n spanned by the 
fan set F = {Fy,,Frno,-++ Fn, } where T = {n1,1n2,--- ne} andn =n, + ng +--+ nz for 


l<k<n, then the number of spanning trees in Kin is 


Kati“? print 
(Kem) =? TTS (42) 
fat a a 


where a; = (dj + \/d? — 4)/2 and 8; = (d; — /d? — 4)/2,d; =n—-—n; 4+ 3. 


Proof According to the Kirchhoff’s Matrix-Tree theorem, all cofactors of H(K iz) are 
equal to the number of spanning trees t( Ka) Let Hk) be the cofactor of A(Kj) 
corresponding to the entry hy», of A(Kga); then 


(Kea) =|F* (KA = 
Ay, cee —In. xn; Teck —Lny x (ng—1) 
(43) 


—Inixny aed Aix ea —Thix(ne-1) 


—Ln,-1)xni ra —Ling—1)xni vei yy, 
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where 


-1 d& = 
-1 d-1 
(n~—-1)x(me-1) 

Since the summations of entries in every column in |H*(K iw) all are 1 by adding the 
entries of all rows other than the first row to the first row in |H* (Kea) the entries of the first 
row become 1. By adding the entries in the first row to the rows from row n; + 1 to row n— 1 
in the last determinant, it becomes from (36) and (37) 














che eae es ifi . 
|H* (Kia) = Onjxn1 a as i + In; pe * , 
O(ng—1) x1 ea: O(ng—1) x ni jae Ay, -1 
i.e. 
t(Kgq) = |H* (Kéw)| =|BAl- ]] |ae + Jnl + HR, -al, (45) 
1<i<k 
where 
1 a 1 1 1 
-1 d -1 —1 
|Hn.| = in 
-l1 dq —1 —1 
-1 d,-1 -1l 
—-1 -1 .:-- 1 1 n—-1 
nyXni, 








by adding the entries in the first row to the correspondence entries of the other row in |H;,, | 


we then have 








1 1 1 1 1 
0 d,+1 0 1 2° £0 

|Ht| = 1 is an es i ee 
: if 0 d+1 0 0 
1 ii 0 d 0 
0 0 0 0 n 


N1yXN4, 
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i.e. 
1, 
0 
|Hn,l =n] 1 
1 
It is clear that 
|Hii + In, | = 
le. 
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1 1 
dj+1 0 
1 0 
1 
d, 0 
0 dj+1 
1 
1 
1 
0 
d, 0 
0 d+1 
1 
1 
1 


Since the summations of all entries in every column in the | 





|Hii + In,| =n? 
and 
dx 
0 
|H;,,—-11 = 1 
1 





Similarly, we have 





dy +1 


Oo 














i; 
1 
1 (46) 
det. 0 
Oe BE Nees See 3) 
1 1-66 
0 1 
1 
0 “del 00 
1 Oo 4d 0 
On ee, 
1 i 
ir <i 
1 
0 Add 
Bs AD. Ge Nis thse iy 
ast determinant, we have 
1 1 
0 1 
1 (47) 
0 d+1 0 
BS Ee eae aieea san 
1 
i 
1 ; 
dpa te 20 
De Os ial aN leach 
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[Mm -al=r} a oc ed (48) 


1 0 d,et+1 0 
1 vee 1 0 dr 








(np—1)x (n~—-1) 


By substituting (39),(40) and (41) to (38), it becomes 


0 d+1 0 1 ; 
(Ki, =n Il 1 Be a ae l 














1<i<k 
1 0 d;+1 0 
1 1 0 dj 
(nj—-1) x (ni-1) 
or 
1 1 1 1 
-l1 d, -1 0 
(Kea) =n TT) o 0 (49) 
1<i<k 
0 -1 dG -l 
O -- O -1 d-1 
(nj—1) x (ni-1) 
Thus, from (11.1) and (42) we have 
F 2k—2 apt) — pp? 
(Kin) =n? YT ar a (50) 


1<i<k 


where a; = (d; + \/d? — 4)/2, 8; = (di — \/d? — 4)/2 and dj =n-—nj, +3. 


This is just the theorem. 














Corollary 4.2 The total number of spanning trees of a fan graph F,, is 


t(Fn) = s(a"* — B") (51) 


ats 
V5 
where a = (3+ V/5)/2 and B = (3 — V5)/2. 


Proof Let k = 1, then nj = n and Kee = F,,. Substituting this fact into (35), this result 
is followed. 
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Abstract: A Smarandachely k-signed graph (Smarandachely k-marked graph) is an ordered 
pair S = (G,o) (S = (G,)) where G = (V, F) is a graph called underlying graph of S and 
ao: E > (@1,@2,...,€r) (4: V — (€1,@2,...,€x)) is a function, where each @; € {+,-}. 
Particularly, a Smarandachely 1-signed graph or Smarandachely 1-marked graph is called 
abbreviated a signed graph or a marked graph. Singleton (1968) introduced the concept of 
the antipodal graph of a graph G, denoted by A(G), is the graph on the same vertices as of 
G, two vertices being adjacent if the distance between them is equal to the diameter of G. 
Analogously, one can define the antipodal signed graph A(S) of a signed graph S = (G,c) 
as a signed graph, A(S) = (A(G),o’), where A(G) is the underlying graph of A(S), and 


for any edge e = uv in A(S), o’(e) = u(u)u(v), where for any v € V, p(v) = Il o(uv). 
uEN(v) 
It is shown that for any signed graph S, its A(S) is balanced and we offer a structural 


characterization of antipodal signed graphs. Further, we characterize signed graphs S' for 
which S ~ A(S) and S ~ A(S) where ~ denotes switching equivalence and A(S) and § are 
denotes the antipodal signed graph and complementary signed graph of S respectively. 


Key Words: Smarandachely k-signed graphs, Smarandachely k-marked graphs, signed 


graphs, marked graphs, balance, switching, antipodal signed graphs, complement, negation. 


AMS(2010): 05C22 
§1. Introduction 


We consider only finite undirected graphs G = (V, F) without loops and multiple edges and 
follow Harary [4] for notation and terminology. 

A Smarandachely k-signed graph (Smarandachely k-marked graph) is an ordered pair S = 
(G,o) (S = (G,)) where G = (V,£) is a graph called underlying graph of S ando : E > 
(€1,€2,...,€) (wu: V > (€1, 2, ...,@%)) is a function, where each @; € {+,—}. Particularly, a 
Smarandachely 1-signed graph or Smarandachely 1-marked graph is called abbreviated a signed 
graph or a marked graph. 

In 1953, Harary published “On the notion of balance of a signed graph”, [5], the first paper 
to introduce signed graphs. In this paper, Harary defined a signed graph as a graph whose edge 


1Received November 23, 2010. Accepted March 1, 2011. 
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set has been partitioned into positive and negative edges. He called a cycle positive if it had an 
even number of negative edges, and he called a signed graph balanced if every cycle is positive. 
Then he gave both necessary and sufficient conditions for balance. 

Since then, mathematicians have written numerous papers on the topic of signed graphs. 
Many of these papers demonstrate the connection between signed graphs and different subjects: 
circuit design (Barahona [3], coding theory (Solé and Zaslavsky [20]), physics (Toulouse [22]) 
and social psychology (Abelson and Rosenberg [1]). While these subjects seem unrelated, 
balance plays an important role in each of these fields. 

Four years after Harary’s paper, Abelson and Rosenberg [1], wrote a paper in which they 
discuss algebraic methods to detect balance in a signed graphs. It was one of the first papers 
to propose a measure of imbalance, the “complexity” (which Harary called the “line index of 
balance”). Abelson and Rosenberg introduced an operation that changes a signed graph while 
preserving balance and they proved that this does not change the line index of imbalance. For 
more new notions on signed graphs refer the papers ([7]-[11], [13]-[19]). 

A marking of S is a function w : V(G) > {+,—}; A signed graph S together with a 
marking py is denoted by S,,. Given a signed graph S one can easily define a marking pu of S as 
follows: For any vertex v € V(S), 


uve E(S) 


the marking pw of S is called canonical marking of S. In a signed graph S = (G,c), for any 
AC E(G) the sign o(A) is the product of the signs on the edges of A. 
The following characterization of balanced signed graphs is well known. 


Proposition 1(E. Sampathkumar, [9]) A signed graph S = (G,o) is balanced if, and only if, 


there exists a marking pw of its vertices such that each edge uv in S satisfies o(uv) = p(u)u(v). 


Let S = (G,o) be a signed graph. Consider the marking yu on vertices of S defined 
as follows: each vertex v € V, u(v) is the product of the signs on the edges incident at v. 
Complement of S is a signed graph S = (G,o’), where for any edge e = uv € G, o/(uv) = 
u(u)u(v). Clearly, S as defined here is a balanced signed graph due to Proposition 1. 

The idea of switching a signed graph was introduced in [1]in connection with structural 
analysis of social behavior and also its deeper mathematical aspects, significance and connec- 
tions may be found in [24]. 

Switching S with respect to a marking p is the operation of changing the sign of every edge 
of S to its opposite whenever its end vertices are of opposite signs (See also R. Rangarajan and 
P. S. K. Reddy [8]). The signed graph obtained in this way is denoted by S,,(.S) and is called 
p-switched signed graph or just switched signed graph. Two signed graphs S$; = (G,o) and 
Sy = (G’,o’) are said to be isomorphic, written as S; © S> if there exists a graph isomorphism 
f :G-— G' (that is a bijection f : V(G) — V(G’) such that if wv is an edge in G then 
f(u)f(v) is an edge in G’) such that for any edge e € G, o(e) = o’(f(e)). Further a signed 
graph S; = (G,o) switches to a signed graph Sz = (G’,o’) (or that S; and S are switching 
equivalent) written S; ~ S2, whenever there exists a marking py of S$, such that S,,(S1) = So. 
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Note that S; ~ S_ implies that G & G’, since the definition of switching does not involve change 
of adjacencies in the underlying graphs of the respective signed graphs. 

Two signed graphs S; = (G,a) and $2 = (G’,o’) are said to be weakly isomorphic (see 
[21]) or cycle isomorphic (see [23]) if there exists an isomorphism ¢ : G — G" such that the 
sign of every cycle Z in S; equals to the sign of ¢(Z) in Sp. The following result is well known 
(See [23]). 


Proposition 2(T. Zaslavsky, [23]) Two signed graphs S; and Sp with the same underlying 


graph are switching equivalent if, and only if, they are cycle isomorphic. 


§2. Antipodal Signed Graphs 


Singleton [11] has introduced the concept of antipodal graph of a graph G as the graph A(G) 
having the same vertex set as that of G and two vertices are adjacent if they are at a distance 
of diam(G) in G. 

Motivated by the existing definition of complement of a signed graph, we extend the notion 
of antipodal graphs to signed graphs as follows: The antipodal signed graph A(S) of a signed 
graph S = (G,o) is a signed graph whose underlying graph is A(G) and sign of any edge wv is 
A(S) is u(u)u(v), where pu is the canonical marking of S. Further, a signed graph S = (G,¢) is 
called antipodal signed graph, if S & A(S’) for some signed graph S’. The following result 
indicates the limitations of the notion A(S) as introduced above, since the entire class of 
unbalanced signed graphs is forbidden to be antipodal signed graphs. 


Proposition 3 For any signed graph S = (G,o), its antipodal signed graph A(S) is balanced. 


Proof Since sign of any edge wv in A(S) is u(u)u(v), where pu is the canonical marking of 
S, by Proposition 1, A(.S) is balanced. 














For any positive integer k, the k'” iterated antipodal signed graph A(S) of S is defined as 
follows: 


AY(S) = §, A*(S) = A(A*“1(S)) 


Corollary 4 For any signed graph S = (G,c) and any positive integer k, A*(S) is balanced. 


In [2], the authors characterized those graphs that are isomorphic to their antipodal graphs. 


Proposition 5(Aravamudhan and Rajendran, [2]) For a graph G = (V,E), G = A(G) if, and 
only if, G is complete. 


We now characterize the signed graphs that are switching equivalent to their antipodal 
signed graphs. 


Proposition 6 For any signed graph S = (G,o), S ~ A(S) if, and only if, G = Ky and S is 
balanced signed graph. 
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Proof Suppose S ~ A(S'). This implies, G = A(G) and hence G is Ky. Now, if S is any 
signed graph with underlying graph as K,, Proposition 3 implies that A(S) is balanced and 
hence if S is unbalanced and its A(S) being balanced can not be switching equivalent to S' in 
accordance with Proposition 2. Therefore, S must be balanced. 

Conversely, suppose that S' is a balanced signed graph and G is K,. Then, since A(S) is 














balanced as per Proposition 3 and since G = A(G), this follows from Proposition 2 again. 


Proposition 7 For any two signed graphs S and S' with the same underlying graph, their 


antipodal signed graphs are switching equivalent. 


Proposition 8(Aravamudhan and Rajendran, [2]) For a graph G = (V,E), G= A(G) if, and 
only if, i). G is diameter 2 or ti). G is disconnected and the components of G are complete 


graphs. 


In view of the above, we have the following result for signed graphs: 


Proposition 9 For any signed graph S = (G,c), S ~ A(S) if, and only if, G satisfies 


conditions of Proposition 8. 


Proof Suppose that A(S) ~ S. Then clearly we have A(G) & G and hence G satisfies 
conditions of Proposition 8. 

Conversely, suppose that G satisfies conditions of Proposition 8. Then G & A(G) by Propo- 
sition 8. Now, if S is a signed graph with underlying graph satisfies conditions of Proposition 
8, by definition of complementary signed graph and Proposition 3, S and A(S) are balanced 











and hence, the result follows from Proposition 2. 





The notion of negation n(S) of a given signed graph S defined in [6] as follows: n(S) has 
the same underlying graph as that of S with the sign of each edge opposite to that given to it in 
S. However, this definition does not say anything about what to do with nonadjacent pairs of 
vertices in S while applying the unary operator 7(.) of taking the negation of S. 

Propositions 6 and 9 provides easy solutions to two other signed graph switching equiva- 


lence relations, which are given in the following results. 


Corollary 10 For any signed graph S = (G,o), S ~ A(n(S)). 
Corollary 11 For any signed graph S = (G,c), S ~ A(n(S)). 
Problem 12 Characterize signed graphs for which i) n(S) ~ A(S) or ii) n(S) ~ A(S). 


For a signed graph S = (G,o), the A(S) is balanced (Proposition 3). We now examine, 
the conditions under which negation (S$) of A(S) is balanced. 


Proposition 13 Let S = (G,c) be a signed graph. If A(G) is bipartite then n(A(S)) is 


balanced. 


Proof Since, by Proposition 3, A(S) is balanced, if each cycle C' in A(S') contains even 
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number of negative edges. Also, since A(G) is bipartite, all cycles have even length; thus, the 











number of positive edges on any cycle C’ in A(S) is also even. Hence 7(A(S)) is balanced. 





§3. Characterization of Antipodal Signed Graphs 


The following result characterize signed graphs which are antipodal signed graphs. 


Proposition 14 A signed graph S = (G,o) is an antipodal signed graph if, and only if, S is 
balanced signed graph and its underlying graph G is an antipodal graph. 


Proof Suppose that S is balanced and G is a A(G). Then there exists a graph H such 
that A(H) = G. Since S is balanced, by Proposition 1, there exists a marking pz of G such 
that each edge uv in S satisfies o(uv) = (u)u(v). Now consider the signed graph S’ = (H,0’), 
where for any edge e in H, o’(e) is the marking of the corresponding vertex in G. Then clearly, 
A(S') = S. Hence S is an antipodal signed graph. 

Conversely, suppose that S = (G,c) is an antipodal signed graph. Then there exists a 
signed graph 5” = (H,o’) such that A(S’) = S. Hence G is the A(G) of H and by Proposition 
3, S is balanced. 
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Abstract: A graph G is called a k-edges deletable IM-extendable graph, if G — F is IM- 
extendable for every F' C E(G) with |F| = k. Denoted by A,g(G) the group connectivity of 
a graph G. In this paper, Ag(G) = 3 is gotten if G is a 4-regular claw-free 1-edge deletable 
IM-extendable graph. 


Key Words: Graph, multi-group connectivity, group connectivity, induced matching. 


AMS(2010): 05C75, 05C45 
§1. Introduction and Lemmas 


In 1950s, Tutte introduced the theory of nowhere-zero flows as a tool to investigate the coloring 
problem of maps, together with his most fascinating conjectures on nowhere-zero flows. These 


have been extended by Jaeger, Linial, Payan and Tarsil in 1992 to group connectivity, the 


generalized form of nowhere-zero flows. Let G be an undirected graph and A = ( U Ais {+i,1 < 
i=1 
i < m}) bean Abelian multi-group. Let A* denote the set of non-zero elements of A. A function 
b: V(G) = Ais called an A-valued zero-sum function of G if vev(a) b(v) = 04,, 1 <i<m 
in G. The set of all A-valued zero-sum function on G is denoted by Z (G, A). We define: 
F(G, A) = {f : E(G) > A} and F*(G, A) = {f : E(G) > A*}. Let G? be an orientation of 
a graph G. If an edge e € E(G) is directed from a vertex u to a vertex v, then let tail(e) = u 
and head(e) = v. For a vertex v € V(G), let E~(v) = fe € E(G') : v = tail(e)}, and 
Et(v) = {e € E(G!) : v = head(e)}. Given a function f € F(G, A), define Of : V(G) > A 
by Of) = SX fle)- YX fle). A graph G is A-connected if G has an orientation G? 
e€ E+ (v) e€E-(v) 
such that for every function b € Z(G, A), there is a function f € F*(G?, A) such that b = Of. 


Let (A) be the family of graphs that are A-connected. The multi-group connectivity of G is 
defined as: Ag(G)=min{k | if A is an Abelian group with |A| > k, then G € (A)}. Particularly, 
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ifm=lie, A= (A, +) an Abelian group, such connectivity is called group connectivity. 

Let v be a vertex of G, denote N(v) by : N(v) = {u € V(G) —v: uw € E(G)}. Let u 
be a vertex of G, denote N2(u) = N(N(u))\(N(u) U {u}). Graph G is called claw-free, if it 
doesn’t contain k;,3 as an induced subgraph. Let C* denote the graph with V(C*) = V(C,), 
E(C*) = {uv: u,v € V(Cp) and de, (u,v) < k}, where de, (u,v) is a distance between u and v 
in C,. Let G be a graph. A triangle-path in G is a sequence of distinct triangles T; T2--- Tm 
in G such that for 1 <i < m-—1, the following formula (*) holds: 

|E(T;)N E(Tig1))=1 and E(T)NE(T;)=Q if7 >i4+1. (*) 

Furthermore, if m > 3 and (*) holds for all i, 1 < i < m, with the additionally taken mod 
m, then the sequence is called a triangle-cycle. The number m is the length of the triangle- 
path(triangle-cycle). A connected graph G is triangularly connected if for any distinct e,e1 € 
E(G), which are not parallel, there is a triangle-path T,T> --- Tm such that e € E(T,) and 
er. € E(Tm). 

Let G be a connected graph, V(G) and E(G) denote its sets of vertices and edges, 
respectively. For S C V(G), let E(S) = {uv € E(G),u,v € S}. For M C E(G), let 
V(M) = {u € V(G): there is v € V(G) such that wv € M}. A set of edges M C E(G) 
is called a matching of G if they are independent in G, and no two of them share a common 
end vertex. A matching is called perfect if it covers all vertices of G. A matching M is called 
induced matching if E(V(M)) = M. G is called induced matching extendable if every induced 
matching M of G is contained in a perfect matching of G. For simplicity, induced matching 
extendable will often be abbreviated as [M-extendable. 

Notations undefined in this paper will follow [1]. In this paper, we give some properties of 
the 4-regular claw-free 1-edge deletable IM-extendable and prove that its group connectivity is 
3. 


Lemma 1.1.({1]) A graph G has a perfect matching if and only if for every S C V(G), o(G—S) < 
|S|, Where o(H) is the number of odd components of H. 


For group connectivity, some conclusions have reached. For example, complete graphs, 
complete bipartite graphs and triangularly connected graphs etc in [2,3,4,5,6]. For more results 
about IM-extendable graphs, one can see references [7,8,9,10]. 

A k-circuit is a circuit of k vertices. A wheel W;, is the graph obtained from a k-circuit 
by adding a new vertex, called the center of the wheel, which is joined to every vertex of the 
k-circuit. W;, is an odd(even) wheel if k is odd(even). For a technical reason, a single edge is 
regarded as 1-circuit, and thus Wj is a triangle, called the trivial wheel. 


Lemma 1.2([6]) (1)Wan € (Zs). 

(2) Let G = Woan4i, b € Z(G, Zs). Then there exists a (Z3,b)-NZF f € F*(G, Z3) if and only 
if b#A0. 

Lemma 1.3((4]) Let G be a connected graph with n vertices and m edges. Then A,(G)=2 if 
and only if n =1 (and so G has m loops). 


Lemma 1.4([3]) Let H < G be Z;,-connected. If G/H is Z,-connected, then so is G. 
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§2. Main Results 


Lemma 2.1 C is 4-regular claw-free 1-edge deletable connected IM-extendable graph. 


Proof Obviously, C@ is 4-regular and claw-free. The following we will prove CZ is 1-edge 
deletable IM-extendable graph. Supposing the vertices of C2 denoted by v;, 1 < i < 6, along a 
clockwise. Supposing M is an induced matching of an induced graph G[N(u)]. Since G[N(u)] 
has four vertices, so |M| < 2. If |M| = 2, u is an isolated vertex of G— V(M), this conflict 
with that G is 1-edge deletable IM-extendable graph, thus, |M| < 1. Since E(CZ) = Ey U Ee 
where E, = E(C¢), Eg = E \ E41, the following discussions are divided into two cases. 


Case 1 Deleting one edge in F,. Without loss of generality, suppose deleting edge v1 v2. 
From the structure of CZ, if M is an induced matching of C3, then |M| < 2. If let M = vous 
be an induced matching of G — {v1v2}, it extended to a perfect matching {v2u3, v4us, v6 }. 
Otherwise, let M = {vov4} be an induced matching of G — {v v2}, it extended to a perfect 


matching {v2v4, v3U5, V6U1}- 


Case2 Deleting one edge in Ey. Without loss of generality, let M = {vov3} be an induced 
matching of G — {v3}, it extended to a perfect matching {v2v3, v1u5,ev1}. Otherwise, 
let M = {v3u5} be an induced matching of G — {v v3} , it extended to a perfect matching 
{v3U5, 0204, Veti}. So CZ is a 4-regular claw-free l-edge deletable connected IM-extendable 











graph. 





Lemma 2.2 Let G be a 4-regular claw-free 1-edge deletable connected IM-extendable graph, 
then G = C3. 


Proof For a given u € V(G), since G is 4-regular, let N(u) = {21,22, 273,24}, N?(u) = 
N(N(u)) \ (N(w)Ufu}), f(u) = |B (u))I, 9(N(u)) = |N?(u)]- 

Since G is 4-regular and claw-free, we have 2 < f(u) < 6. If f(u) = 6, G is isomorphic 
to Ks, there is no perfect matching in Ks which is a contradiction with l-edge deletable IM- 
extendable graph. If f(u) = 5, G[N(u)] is isomorphic to K4—e. Without loss of generality, let 
€ = £ox4 and y, € N(a2) \ ({u}U N(u)). Since G is 4-regular, there exists z € N(yi) \ N(u). 
Let M = {y1z,ua1} be an induced matching of G — {x2x3}. It could not extend to a perfect 
matching of G — {x2x73} which is a contradiction. Next we discuss: 2 < f(u) < 4. There are 
three cases according to the value of f(u). 


Case 1 f(u) =2. 


Let x1,22,23,24 be neighbor vertices of u, we have three different subcases: Subcase(a) 
1X2,42%3 € E(G); Subcase(b) x22, %3%4 € E(G); Subcase(c) x1 42,2143 € E(G). 

For subcases (a), the induced subgraph of G' by vertices u, 71, 73, £4 consists of an induced 
subgraph ky,3 which contradict with the assumption. For subcase (b), M = {x1%2, 2324} is 
an induced matching of G — {ux2}, however, u could not included in vertex set of any perfect 
matching of G — {ux2} which contradict with the assumption. For subcase (c), the induced 
subgraph of G by vertices u, 72, %3, x4 consists of k1,3, which contradicts with the assumption. 
Therefore f(u) 4 2. 
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Case 2. f(u) =3. 


G[N(w)] is isomorphic to Py or K3 U Ky or Ky3, where P,, is the path with n vertices. 

If G[N(u)] is isomorphic to Py. Supposing 7122, 23,1304 € E(G), then M = {x 12, 1324} 
is an induced matching of G — {2x3}, but it does not extended to a perfect matching of 
G — {x23}. 

If G[N(u)] is isomorphic to k1,3, obviously G consists of k1,3 as its induced subgraph, 
contradiction. 

If G[N(u)] is isomorphic to K3 U Ky, supposing 27122, 22%3,%143 € E(G), then 3 < 
g(N(u)) < 6, there are four subcases according to the value of g(N(u)). 


Subcase 1. If g(N(u)) = 3, let N?(u) = {y1, ye, ys} then yr € E(G) (i = 1,2,3). Since 
G is claw-free and 4-regular, then y1y2, yiys, yoy3 € E(G) and each vertex of x; is adjacent 
to only one vertices of y; (where i,j € {1,2,3} are distinct). Without loss of generality, let 
X1, 02,23 are adjacent to y1, y2, y3 respectively. Let M = {x123, ayo} be an induced matching 
of G— {uae}. It does not extended to a perfect matching of G— {ua} which is a contradiction. 


Subcase 2. If g(N(u)) = 4, let y; € N?(u),i = 1,2,3,4. Since d(x4) = 4, there is three of 
yi(1 <i < 4) adjacent to x4, without loss of generality, supposing yjv4 € E(G) (i = 2,3,4). 
Because G is claw-free, one have yoy3, ysy4, yaya € E(G). Obviously y; is adjacent to at least 
one vertex of x; (i=1,2,3). 

If y: is adjacent to each of x; (4=1,2,3), that is riy1,2oy1, v3y1 € E(G). If yiys ¢ E(G), 
let M = {x1y1, cays} be an induced matching of G — {22x73} which could not extended to a 
perfect matching of G— {x2r3}. If yrys4 € E(G), let M = {x1y1, x4y3} be an induced matching 
of G — {x3} which could not extended to a perfect matching of G — {xgx3}. 

If y1 is adjacent to two vertices of x; (¢=1,2,3), without loss of generality, let x1y1, rey € 
E(G) and x3y, ¢ E(G), x3 is adjacent to one of y; (which i € {2,3,4}). If r3y3 ¢ E(G), let 
M = {x2%3,x4y3} be an induced matching of G— {y2y4} which could not extended to a perfect 
matching of G — {yoys}. If w3y3 € E(G), let M = {xe23,x4y4} be an induced matching of 
G — {ux,} which could not extended to a perfect matching of G — {uz}. 

If y, is adjacent to only one of x; (i=1,2,3), without loss of generality, let aiy, € E(G). 
Supposing x2y2,73y3 € E(G), let M = {a1x2,x4y3} be an induced matching of G — {uax3} 
which could not extended to a perfect matching of G — {uz}. 


Subcase 3. If g(N(u)) = 5, let N?(u) = {y1, yo, y3, y4, ys} and supposing y324, yaT4, Y5@4 € 
E(G). Because G is claw-free, ysy4, ysys, ysy3 € E(G). Since no more than two vertices of x; 
(i = 1,2,3) is adjacent to y; (j = 1,2), without loss of generality, let r1y1, zay2 € E(G). 

If x3 is adjacent to y1 or y2, supposing x3y1 € E(G). Let M = {x1 23, 74y3} be an induced 
matching of G — {uaz}. It does not extended to a perfect matching of G — {ux2} which is a 
contradiction. 

If e3y, € E(G) (t=1,2). Without loss of generality, supposing x3y3 € E(G). Let M = 
{x123, cays} be an induced matching of G — {ua2} which could not extended to a perfect 
matching of G — {ur}. 


Subcase 4. If g(N(u)) = 6, without loss of generality, supposing y;v4 € E(G) (¢ = 4,5,6). 
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Because each vertex of x; (i=1,2,3) has degree 3 in N(u), each of x; (¢ = 1,2,3) is adjacent 
to only one of y; (7 = 1,2,3), without loss of generality, let x;y; ¢ E(G) (i = 1,2,3). Let 
M = {2123,x4y4} be an induced matching of G — {uaz} which could not extended to a perfect 
matching of G— {ur}. So f(u) 43. 


Case 3 If f(u) = 4, G[N(u)] is isomorphic to C4 or Ky3 + e. 


If G[N(u)] is isomorphic to Cy. Since there are only four edges between N(u) and N?(u), 
then 1 < g(N(u)) < 4. 


(3.1) If g(N(u)) =1. Supposing v € N?(u), there exists xjv € E(G) (i = 1,2,3,4), it is 
isomorphic to C@. 

(3.2) If g(N(u)) = 2. Supposing y1,y2 € N?(u). There are two subcases. Subcases 1, 
there are two vertices adjacent to y;, two vertices adjacent to y2. Subcases 2, there are three 
vertices adjacent to yi, only one vertex adjacent to yo. 


Subcase 1. Supposing x11, 22y1, ©3y2, Tayo € E(G), there exists z, satisfying y1z € E(G). 
Let M = {x3x4,yiz} be an induced matching of G — {2122} which could not extended to a 
perfect matching of G— {x12}. 


Subcase 2. Supposing 71y1, 221, 7341, T4y2 € E(G). However, x4, 73,1, y2 induced a Ky.3 
which is a contradiction. 


(3.3) If g(N(u)) = 3. Supposing y1, y2,y3 € N?(u). Obviously, only two vertices of 2; 
(i=1,2,3,4) are adjacent to one of y; (i=1,2,3). Without loss of generality, let x;y;, ray3 € E(G) 
(i = 1, 2,3). v2, 271, y2,2%3 induced a Ky,3 which is a contradiction. 


(3.4) If g(N(u)) = 4. Supposing y1, y2,y3,y4 € N?(u). Without loss of generality, let 
xiys € E(G) (¢ =1,2,3,4). v2, 21, y1, %4 induced a K1,3 subgraph. If G[N(w)] is isomorphic to 
C4, it does not extended to a perfect matching. If G[N(u)] is isomorphic to Ky,3 +e, supposing 
11%2,01 13,1124, x304 € E(G), since there are only 4 edges between N(u) and N?(u), one have 
2 < g(N(u)) < 4. There are three subcases according to the value of g(N(u)). 


Subcase 1. If g(N(u)) = 2. Supposing N?(u) = {y1, yo}, then roy1, r2y2 € E(G). Because 
G is claw-free, yi1y2 € E(G). If both of x3, 24 are adjacent to y1, let M = {ux1, yiy2} be an 
induced matching of G— {2324} which could not extended to a perfect matching of G— {x3x4}. 
If x3y1, Zay2 € E(G), let M = {ux1, y1y2} be an induced matching of G — {2324} which could 
not extended to a perfect matching of G — {a3r4}. 


Subcase 2. If g(N(u)) = 3, supposing N?(u) = {y1, y2,y3}. Without loss of generality, let 
L2y1,L2y2 € E(G). Because G is claw-free, yiyo € E(G). If both of 13,24 are adjacent to 
y3, let M = {y1y2, 7344} be an induced matching of G — {x 173}. However, not all vertices of 
X1, £2, u could be included in a perfect matching vertices of G—{x1x3} which is a contradiction. 
If x3y3, ayo € E(G), let M = {x123, yiy2} be an induced matching of G — {x 22}. However, 
not all vertices of x2, 74, u could be included in a vertex set of perfect matching of G — {x12} 
which is a contradiction. 


Subcase 3. If g(N(u)) = 4, Supposing N?(u) = {y1, yo, y3, ys}. Without loss of generality, 
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let roy1, Loy2, 13y3, Lays € E(G). Because G is claw-free, yry2 € E(G). Let M = {2124, yiye € 
E(G)} be an induced matching of G — {uaz} which could not extended to a perfect matching 











of G — {ux}. The lemma 2.2 is proved. 





Lemma 2.3 If n> 5, then C? is Z3-connected. 


Proof By the definition of C*, for n > 5, there exists a subgraph of C? isomorphic to Wop. 
By lemma 1.2, Wo, is Z3-connected. Since C? is triangularly connected, by contracting Woz in 














C? and Lemma 1.4, we have C? is Z3-connected. 


Theorem 2.4 The group connectivity of 4-regular claw- free 1-edge deletable IM-extendable 
graph is 3. 


Proof By applying lemma 2.1 and lemma2.2, 4-regular claw-free 1-edge deletable IM- 
extendable graph is C?. From Lemma 2.3, the group connectivity of 4-regular claw-free 1-edge 
deletable [M-extendable graph is not more than 3. By lemma 1.3 we conclude the group con- 
nectivity of 4-regular claw-free 1-edge deletable [M-extendable graph is more than 2. Therefore, 
the group connectivity of 4-regular claw-free 1-edge deletable [M-extendable graph is 3. This 














theorem is proved. 
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For standard terminology and notion in graph theory we refer the reader to Harary [2]; the 
non-standard will be given in this paper as and when required. We treat only finite simple 
graphs without self loops and isolates. 

The line graph L(G) of a graph G is defined to have as its vertices the edges of G, with two 
being adjacent if the corresponding edges share a vertex in G. Line graphs have a rich history. 
The name line graph was first used by Harary and Norman [3] in 1960. But line graphs were 
the subject of investigation as far back as 1932 in Whitney s paper [7], where he studied edge 
isomorphism and showed that for connected graphs, edge-isomorphism implies isomorphism 
except for K3 and Ky3. The first characterization (partition into complete subgraphs) was 
given by Krausz [5]. Instead, we refer the interested reader to a somewhat older but still an 
excellent survey on line graphs and line digraphs by Hemminger and Beineke [4]. An excellent 
book by Prisner [6] describes many interesting generalizations of line graphs. In this note we 
generalize the line graph L(G) of G as follows: 

Let G = (V, EF) be a graph of order p > 3, k and r be integers with 1 << r<k <p. Let 
U = {S1, S9,..., Sn} be the set of all distinct connected acyclic subgraphs of G of order k and 
U' = {T},To, ..., Tm} be the set of all distinct connected subgraphs of G with size k. 

The vertex (k,1r)-graph Leer (G), where 1 < r < k < p is the graph has the vertex set 
U where two vertices 5; and S;, i # j are adjacent if, and only if, S$; 5S; has a connected 
subgraph of order r. 

The edge (k,r)-graph Log (G); where 0 < r < k < q is the graph has the vertex set U’ 
where two vertices T; and Tj, i # j are adjacent if, and only if, 7; 17; has a connected subgraph 
of size r. 

The Smarandachely (k,r) line graph Le, »(G) of a graph G is such a graph with vertex 
set U’ and two vertices T; and T;, i # j are adjacent if and only if, JT; T) has a connected 
subgraph with order or size r. Clearly, Lin) (G) < Leen) (@) and Log) (G) < Lien) (G). In 
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Figure 1, we depicted L(G), L? )(G) and Leg ry (@) for the graph G. 
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Figure.1 


One can easily verify that: D3(A13) = K3, L3(C,) = Ch, for n > 3, L3(P,) = Py-1 and 
Ls(Ka) = L(Ka—e) = Ka. 

For any positive integer k, the k'” iterated line graph L(G) of G is defined as follows: 
E°(G) = G, L*(G) = L(L*-(G)). 

A graph G is a (3,2)-graph if there exists a graph H such that L(3.)(H) = G. First we 
prove the following result: 


Proposition 1 For any graph G, L3,2) = L(G). 


Proof First we show that L(3,2)(q) and L?(G) have the same number of vertices. Let $ 
be a vertex in L,3,2)(G). Then S corresponds to a subgraph of order 3 in G. Say, S consists 
of two adjacent edges ab and bc. Then corresponding to S' we have an edge in L(G) with end 
vertices ab and bc, and corresponding this edge, we have a vertex say abc in L?(G). Similarly, 
we can show that very vertex in L?(G) corresponds to a connected subgraph of order 3. This 
proves that L(3,2)(G) and L*(G) have the same number of vertices. Now, let S; and S2 be two 
adjacent edges in L(3.2)(G). Then $; and S2 correspond to two connected subgraphs of order 
3 each, having a common edge. These in turn will give two adjacent edges, say e(.S1) and e(52) 
in L(G) and this will give an edge in L?(G) with end vertices e($,) and e(,S2). This proves the 


result. 














In general one can establish the following result. 


Proposition 2 Let G be a graph of order p and2>r<k<p. IfA(G) < 2 then L(p,~-1)(G) = 
EP-1(0). 


Note that this is true only when A(G) < 2. For example, we find Linn—1)(K1n) he = 
L(Kyn)- 


Proposition 3 The star ky3 is not a 3-line graph. 
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Proof Let K1,3 be a 3-line graph. Then there exists a graph G such that L(k1,3) = G. 
Since Ky; 3 has four vertices, G should have exactly four connected subgraphs each of order 
three. All connected graphs having exactly four induced subgraphs are as follows: i) C4, ii) Ka, 











iii) K4 —e and iv) Ps. None of these graphs have K1,3 as its 3-line graph. 





Clearly, any graph having Ky,3 as an induced subgraph is not a 3-line graph. Hence, we 


have 


Corollary 4 Ky ,, n> 3 ts not a 3-line graph. 


It is not true in general that the line graph L(G) of a graph G is a subgraph of L3(G). For 
example, D3(y,4) does not contain K4, the line graph of Ky,4 as a subgraph. 


Problem 5 Characterize 8-line graphs. 
A graph G is a self 3-line graph, if it is isomorphic to its 3-line graph. 
Problem 6 Characterize self 3-line graphs. 


Proposition 7 Let L3(G) be the 3-line graph of a graph G of order p > 3. The degree of a 
vertex s in L3(G) is denoted by degs and is defined as follows: 


Let S be the subgraph of G corresponding to the vertex s in L3(G). For an edge x = uv in 
S, let d(x) = (deggu+ degav) — (deggsu + degsv), where deggu and degsu are the degrees of u 
in G and S respectively. Then d(s) = S- d(x). 

res 

Proof Consider an edge uv in S. Suppose y = uz is an edge of G at u which is not in S. 
Then y belongs to a connected subgraph 5 of cardinality three containing the edge uv which 
is distinct form S. Since S and $) have common edge, ss, is an edge in L3(G), where s; is the 
vertex in L3(G) corresponding to the subgraph S; in G. Similarly, for any edge y, = vz1 at v 
in G which is not in S, we have an edge ssq in L3(G). This implies that corresponding to the 
edge x = uv in S, we have (deggu — degsu) + (degev — degsv) edges in L3(G), and hence the 














result follows. 
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§1. Introduction 


Unlike other areas in mathematics, graph theory traces its beginning to definite time and place: 
the problem of the seven bridges of Konigsberg, which was solved in 1736 by Leonhard Euler. 
And in 1752 we find Euler’s Theorem for planer graph. However, after this development, little 
was accomplished in this area for almost a century [4]. 

here are many physical systems whose performance depends not only on the characteristics 
of the components but also on the relative locations of the elements. An obvious example is an 
electrical network. One simple way of displaying a structure of a system is to draw a diagram 
consisting of points called vertices and line segments called edges which connect these vertices so 
that such vertices and edges indicate components and relationships between these components. 
Such a diagram is called linear graph. A graph G is a triple consisting of a vertex-set V(G), an 
edge-set E(G) and a relation that associated with each edge two vertices called its endpoints. 


§2. Definitions and Background 


Definition 2.1 An abstract graph G is a diagram consisting of finite non empty set of elements 
called vertices denoted by V(G) together with a set of unordered pairs of these elements called 
edges denoted by E(G). The set of vertices of the graph G is called the vertez-set of G and the 
list of the edges is called the edge-list of G [1,5,9, 10]. 


Definition 2.2 An oriented abstract graph is a pair (V,E) where V is finite non empty set 
of vertices and E is a set of ordered pairs of distinct elements of E with the property that if 
(v,w)EE then (w,v)€E where the element (v,w) denote the edge from v to w [4,6]. 
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Definition 2.3. An empty graph is a graph with no vertices and no edges [5]. 
Definition 2.4 A null graph is a graph containing no edges [9,10]. 


Definition 2.5 A multiple edges defined as two or more edges joining the same pair of vertices 
[1,8,9, 10]. 


Definition 2.6 A loop is an edge joining a vertex to itself [1,8,9,10]. 
Definition 2.7 A simple graph is a graph with no loops or multiple edges [9]. 
Definition 2.8 A multiple graph is a graph with allows multiple edges and loops [1,8,9, 10]. 


Definition 2.9 A complete graph is a graph in which every two distinct vertices are joined by 
exactly one edge [5,6,9,10]. 


Definition 2.10 A connected graph is a graph that in one piece, where as one which splits in 


to several pieces is disconnected [9]. 


Definition 2.11 Given a graph G, a graph H is called a subgraph of G if the vertices of H are 
vertices of G and the edges of H are edges of G [5,6,8). 


Definition 2.12 Let v and w be two vertices of a graph. If v and w are joined by an edges, 
then v and w are said to be adjacent. Also, v and w are said to be incident with e then e is said 
to be incident with v and w [10]. 


Definition 2.13 Let G be a graph without loops, with n-vertices labeled 1,2,3,...,n. The 
adjacency matrix A(G) is the n x n matrix in which the entry in row i and column j is the 


number of edges joining the vertices i and j [10]. 


Definition 2.14 Let G be a graph without loops, with n- vertices labeled 1,2,3,...., n and m 
edges labeled 1,2,3,....,m. The incidence matrix I(G) is the nxm matriz in which the entry in 


row i and column j is | if vertex i is incident with edge j and 0 otherwise [10]. 


§3. Main Results 


In this article, we will define new types of graphs as follows: 


Definition 3.1 A Smarandache mother-father graph is a graph G in which there are vertices 


ub uz um, ut,ut- s+, u?, in G with a partition of Vi,v2,--+,Vn of V(G) such that vi, 
is important than v', vi is important than v}---, and vi is important than Vira -++, important 


than ub, forV1 <i<n, 7 >1, we call via, uns 1<i<n mother vertices and father vertices. 
Particularly, if n = 1 and there are no father vertices in a graph G, we call such a graph G 


1-mother graph, seeing Figure 1. 
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Um U1 V2 U3 U4 
e * ad ad J 
Figure 1 


Now we will classify the 1-mother vertex graph with respect to the number of the family 
which contacts with the mother vertex as follows: 


Definition 3.2. A 1-mother vertex graph with n families of vertices is a graph Gm which it’s 


vertex-set has the form V {ums ut, vd, vd, +> 502, Us, UR gee sur, us, us,---}, where UV}, U5, U3, °° 


is the i-th family, seeing Figure 2. 


Um U1 v2 U3 V4 V4 U3 V2 Vl Um V1 U2 U3 U4 








(a) 1 family 








U5 v3 

2 

Ul 
ad 

1 1 

ste Uy U3 Us 

VY 

v3 
(c) 3 families (d) n families 


Figure 2 
Definition 3.3 Any edge has vm as a vertex is called a mother edge. 


In Figure 2, there is a one mother edge in (a), two mother edges in (b), three mother edges 
in (c) and n mother edges in (d). 


Note 1) The families of vertices in a 1-mother vertex graph with n families not necessary have 


the same number of vertices , seeing Figure 3. 








v3 
vy 
o—__-* e 2 ad ad e aad 2 ad 2 ad 
Um U1 ve oko Um vt ve ve out Um out od 
1 family 3 families 2 families 
Figure 3 


2) The following graph is not 1-mother vertex graph, seeing Figure 4. 
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Figure 4 


Definition 3.4 An empty 1-mother vertex graph is an 1-mother vertex graph with no vertices 
and no edges. 


Definition 3.5 A simple 1-mother vertex graph is an 1-mother vertex graph with no loops and 
no multiple edges, seeing Figure 3. 


Definition 3.6 A multiple 1-mother vertex graph is an 1-mother vertex graph allows multiple 
edges and loops, seeing Figure 5. 








3 
U2 
3 
Vy 
Um V1 vs v3 vy Um vt ue v3 ue Um vt vi 
1 family 3 families 2 families 
Figure 5 


Definition 3.7 A connected 1-mother vertex graph is 1-mother vertex graph that in one piece 


and the one which splits into several pieces is disconnected,seeing Figure 6. 





e * * di * ° 
2 2 2 1 1 
U3 V5 Uy Um Vy U3 





e Uy 
e * e 2 * 2 
v3 v3 v3 Um ues 


(a) A connectedl-mother vertex graph with 2 families 


Figure 6 


Note The following graph is not disconnected 1-mother vertex graph and also is not 1-mother 
vertex graph. 





e * * od e od 
2 2 2 1 1 
U3 U5 UT Um Uy V5 


Figure 7 
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Definition 3.8 A graph H', is said to be main supgraph of G”, ,wheren,i€ zt and i<n, 
if V(H;,) CV(Gh,) , E(Af,) C E(Gh,) and um € V(Hf,). 


Proposition 3.1. The main supgraph H?, of G™, is 1-mother vertex graph. 


Definition 3.9 A graph H is a supgraph of G?, if V(H) C V(G?.) , E(A) C E(G®.) and 
Um € V(Hm)- 


Proposition 3.2 A supgraph H of G?, is not 1-mother vertex graph. 


Example 3.1 As shown in Figure 8, H?, is a main supgraph of G?, and H is a supgraph of 
G?.. 








. Zar ss * Q) () . eS SS () po aee—ee ENS 

2 2 272 1 1 2 2 772 2 2 2 

ve ows viG?2, Um vy v2 v3 abe boll Um v3 54 vt 
Figure 8 


Definition 3.10 An oriented 1-mother vertex graph is a pair (V, E) where V is finite non 
empty set of vertices and E is a set of ordered pairs of distinct elements of E with the property 
that if (v,w) € E, then (w,v) € E, where the element (v, w) denote the edge from v to w, seeing 
Figure 9. 





o> — rs oe 
2 2 1 


1 


U3 V3 UT Um Uy V5 
2 
Gm 
Figure 9 


Definition 3.11 Let Gt, be a 1-mother vertex graph, with n-families of vertices. The adjacency 
matric A(Gr ) is the (n4+1)a(n+1) matrix in which the entry in row i and column j is matrix 


its elements are the number of edges joining the families i and j. 


Definition 3.12 Let G®, be a 1-mother vertex graph, with n-families. The incidence matrix I( 
G?. ) is the (n+1) x n matrix in which the entry in row i and column j is matrix its elements is 
Lif vertex in family i incident with edge in family j and 0 otherwise. 


Example 3.2 The adjacency matrix and the incidence matrix of a 1-mother vertex graph G?, 
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as shown in Figure 9 are given by 


0 10 10 0 he AAR PO ah <6) 

1 1 10 0 0 0 1 100 0 

0 10 0 0 0 1 0 0 1 0 0 
A(Gi,) = I(Gh,) = 

100 0 2 0 0 0 01 1 0 

000 2 0 1 0 0 01 1 0 

000 0 1 0 0 0 00 1 1 


where the symbol 1'in the matrix in the row 1 and column 2 of the incidence matrix means 
that there exists a loop at the vertex v{with the edge et. 


Theorem A A complete 1-mother vertex graph is not defined. 


Proof Let there exist a complete 1-mother vertex graph. Then this mean that every two 
distinct vertices are joined which is contradict with the definition of the 1-mother vertex graph. 











Hence the complete 1-mother vertex graph is not define. 





New we will define the union of any 1-mother vertex graphs as follows: 


Definition 3.13 The union of G>, and G?, , denoted G?,U G", ts the graph with vertex set 
V, U V2 and edge set Ey U Fo. 


Proposition 3.3 The union of any 1-mother vertex graphs is 1-mother vertex graph if Um €ViN 
Vo. 


Proof Let we have two 1-mother vertex graphs, the union of these graphs has one of two 
types. 


1) If Un €V1iN Ve , ie. the new graph has one mother vertex, then the new graph is 
1-mother vertex graph, seeing Figure 10.a. 


2) If um ¢Vi N V2, ie. the new graph has more than one mother vertex, then the new 











graph is not 1-mother vertex graph, seeing Figure 10-b. 














U3 
2 
U2 
e Coy * Y) vi 
2 2 2 
v v v Um v : Q) () 
3 2 Pe 1 union : aN Um 
4 4 4 3 3 
oe me Q) () U3 Ug UY Vy UB 
e 2 1 
v 
ue ve Ue UmsvFT v3 7 
2 2 2 
Gs, A; UG. 


Figure 10-a 
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G2, H2UG2, 


Figure 10-b 


The intersection of 1-mother vertex graphs will be defined as follows: 


Definition 3.14 The intersection of G3, and G?,, denoted G?, 1 G?, is the graph with vertex 
set Vi 1 V2 and edge set Ey N Ep. 


Proposition 3.4 The intersection of any number of 1-mother vertex graphs is 1-mother vertex 
graph if Um € Vi V2 or ViN V2 = @ and EN Eg. 


Proof Let we have n number of 1-mother vertex graphs, the intersection of these graphs 


has one of two types. 


1) If um € Vi NV2--+ A Vp, ie. the new graph has one mother vertex, then the new graph 
is 1-mother vertex graph, seeing Figure 11-a. 


2) Ifum Vin Ve--- NV, =¢, ie. the new graph is the empty 1-mother vertex graph. 


3) Ifum Vin Vo--- AV, 4 ¢, ie. the new graph has more than one mother vertex, then 
the new graph is not 1-mother vertex graph, see Figure 11-b. 

















v3 ve ve Um Uy 
Ae Intersection 





0 0 = : 
e “Ss e He M G?, 
vz V3 uy Um vt v4 
2 
Gm 


Figure 1l-a 
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Figure 11-b 
In this section we will define special types of 1-mother vertex graphs. 


Definition 3.15 A spider mother graph S”, is 1-mother vertex graph has the form as shown 
in Figure 12. 








3 1 
U3 U3 





(a) Spider mother graph with 3 families (b) Spider mother graph with 4 families 


Figure 12 


Note The least number of families which the spider graph has is three. 


Definition 3.16 A tree mother graph T,;” is 1-mother vertex graph has the form as shown in 


Figure 18. 
TS Te TS dis TS 


m m m m m 


Figure 13 
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Example 3.3 The adjacency matrix of the spider graph as shown in Figure 12-a are given by 


01001 00 1 0 0 
101010 01 0 0 
010101 00 1 ~0 
0010001 0 0 1 
1 100010 1 0 0 
0010101 0 1 ~0 
000101 00 0 1 
1 1001000 1 0 
001001 010 1 
0001001 0 1 =0 


the existence of the unit matrix in column I and raw j means that the family in the column I 


and the family in the raw j have the relation between the vertices which have the same order. 


Definition 3.17 An orbit mother graph is 1-mother vertex graph is a 1-mother vertex graph 
containing no edges and the elements in the same family have the same distance from the mother 


vertex, seeing Figure 14. 


~~) 
Ne 
LS) 


Figure 14 


§4. Applications 


(1) The solar system is orbit mother graph. 


(2) If we illustrate the nervous system by using the graph we find that the nervous system is 
1-mother vertex graph, seeing Figure 16. 
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Central nerves 
are im your 
brain and 
spinal cord 


Cranial 
(KRAY-nee-ud 
nerves go from 
your brainta 
your eyes, 
mouth, ears, 
and other 
parte of ary 
your heed } t\ 






fhe 
Peripheral 

(pub- RIF-ub-rul) 
nerves go from 
your spinal cord 
to your arms, 
hands, legs. 

and feet 


Autonomic 

(aw. toh- NOM. &) 
nerves go from 
your spinal cord 
to your lungs, 
heart, stomach, 
intestines, bladder 
and sex organs 


Figure 16 
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